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Abstract: We compute the one-loop S-matrix for the light bosonic excitations of the GKP
string at strong coupling. These correspond, on the gauge theory side, to gluon insertions
in the GKP vacuum. We perform the calculation by Feynman diagrams in the worldsheet
theory and we compare the result to the integrability prediction, finding perfect agreement for
the scheme independent part. For scheme dependent rational terms we test different schemes
and find that a recent proposal reproduces exactly the integrability prediction.
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1. Introduction
A paramount advance in the study of scattering amplitudes of planar N = 4 SYM has been
fostered by insights from the AdS/CFT correspondence [1] and integrability [2, 3]. In planar
N = 4 SYM (super)amplitudes are dual to null polygonal (super)Wilson loops [4, 5, 6, 7, 8, 9].
The expectation value of such operators can be formally reconstructed in terms of a sum over
excitations of the color flux-tube supported by the loop [10, 11].
The philosophy parallels that of an OPE expansion for the n-point function of local
operators in a conformal field theory, but is instead applied to a non-local Wilson loop operator
whose contour is a cusped polygon with n edges. The latter is geometrically decomposed into
a sequence of (n− 5) elementary pentagons, each parameterised by three variables associated
to the energy, momentum and angular momentum of the excitations, and dual to the 3(n−5)
conformal cross-ratios describing the scattering amplitude. The excitations propagate through
pentagons with their dispersion relation [12]. The transition between two adjacent pentagons
is governed by the intricate dynamics of the flux-tube theory and is captured by an object
dubbed the pentagon transition. Remarkably, a set of axioms determines such amplitudes and
in particular relates them to the scattering elements of the flux-tube theory. The latter can be
identified as an operator of large spin [13] amenable of an integrable spin chain interpretation,
or, at strong coupling, as the dual excited GKP string. Integrability of N = 4 SYM then
allows to derive exact results for the spectrum of the excitations and their scattering factors,
valid at any coupling.
The OPE program has been intensively studied at weak coupling [14, 15, 16, 17, 18, 19,
20, 21, 22], where several results are available to rather high order in perturbation theory
[23, 24, 25, 26, 27, 28]. The computation of amplitudes at strong coupling is more elusive,
but certainly challenging and fascinating (and even more interesting is that at finite coupling
[29]). Contrary to the weak coupling expansion, where the number of contributions of the
various excitations and bound states thereof can be truncated at a given perturbative order,
the strong coupling expansion entails summing over an infinite series of excitations.
Recent publications [11, 16, 30, 31, 32] have been paving the road to two major progresses
in this quest. The first would be the extension of the leading order results for n-point MHV
amplitudes, whose minimal area problem is solved via the Termodynamic Bethe Ansatz [4, 33,
34], to NMHV amplitudes [32]. The second would be the determination of MHV amplitudes
at next-to-leading order at strong coupling. This task requires the knowledge of the higher
order corrections to the pentagon transitions at strong coupling. This in turn can be achieved
using their conjectured relation in terms of S-matrix elements of the flux-tube excitations.
Integrability of the flux-tube theory, the GKP string model [35, 36], allows to determine the
S-matrix from a set of Bethe equations. Nevertheless, performing their expansion at strong
coupling is non-trivial. Results for scattering of fermion, gauge excitations and bound states
thereof in the strong perturbative regime have been recently derived in [37, 31, 32].
The S-matrix of GKP excitations at strong coupling can be studied more traditionally
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by means of perturbation theory within the worldsheet theory describing the GKP string.
In particular the light-cone gauge fixed Metsaev-Tseytlin Lagrangian for the AdS5 × S5 su-
perstring [38, 39, 40], expanded in fluctuations around the GKP (or equivalently the null
cusp) vacuum [41], has been proven a powerful starting point for perturbative computation.
It allowed to compute the cusp anomalous dimension of N = 4 SYM at two loops at strong
coupling [41] and (with some caveats pointed out in [42]) the one-loop dispersion relations
[43] of the GKP excitations∗. Recently it has been employed to address the computation of
scattering amplitudes of GKP excitations. In particular, at leading order it reproduces the
strong coupling results for several of the GKP string S-matrix elements [46]. However, some
turn out to produce inconsistent results. This is due to the deeply non-perturbative dynamics
of the massless scalar excitations, which the perturbative expansion is not able to capture,
along the lines of [42]. This can be an issue for loop computation, where the massless scalars
can trigger IR divergences which invalidate perturbation theory.
In this paper we focus on scattering between gauge excitations and compute their am-
plitude at next-to-leading order at strong coupling via perturbation theory in the worldsheet
model. The restriction to the gluonic sector is motivated by the fact that these are arguably
the technically simplest amplitudes to compute via a Feynman diagram approach, as the
tree-level computation already suggests. Moreover the aforementioned subtleties associated
to the non-perturbative dynamics of scalars are not a concern for this computation. Indeed,
by inspecting the possible Feynman diagrams, we ascertain that no potentially dangerous
coupling to the massless scalars is involved. This does not exclude that IR divergences at
higher orders can appear spoiling the validity of our perturbative approach. Nevertheless, the
theorems of [47, 48] suggest that no such IR divergences should appear in an SO(6) invariant
quantity, as the scattering amplitude of gauge excitations.
After listing all relevant Feynman diagrams for the computation, we evaluate them using
the Feynman rules and find a set of tensor integrals to be evaluated. Some of them are
divergent and a regularization is needed in intermediate steps. The issue of UV regularization
has been often discussed and analyzed in the related context of the next-to-leading order
perturbative computation of the worldsheet S-matrices for near-BMN string sigma models
[49, 50, 51], which has recently made significant progress by both standard techniques [52,
53, 54, 55, 56, 51] and unitarity methods [49, 50, 57, 58]. In particular, though the expected
UV finiteness of the one-loop result has been ascertained, different regularization schemes
produce different results. This is not surprising since the derivation of an exact S-matrix is
based on symmetry considerations and it is crucial to find a regularization which preserves
such symmetries.
On general grounds, integrability as well as other classical symmetries broken by the
regulator can be restored by the addition to the S-matrix of matrix elements of finite local
counterterms in the effective action (see, e.g., [59, 60, 61] for the example of complex Sine-
Gordon theory). Nevertheless, it is an interesting and open question to find a regularization
∗See [44, 45] for similar results in ABJM theory.
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procedure that preserves all the symmetries of the worldsheet theory. At one loop, Roiban,
Sundin, Tseytlin and Wulff (RSTW) [51] showed that the use of algebraic identities in d = 2
provides an effective symmetry-preserving regulator for the integral reduction in the near-
BMN theory.
The computation of the one-loop S-matrix for GKP excitations that we perform in this
paper constitutes a non-trivial testing ground for the RSTW regularization scheme. Our
setting is complicated by the presence of box and triangle topologies induced by three-point
interactions. Moreover, at a difference with respect to the near-BMN computation of [51],
the GKP gluon dispersion relation is already corrected at one loop, inducing a contribution
at next-to-leading order. For completeness, we perform tensor reduction via three different
methods and compare them. These are Passarino-Veltman reduction in d dimensions, in
strictly 2 dimensions and finally the RSTW reduction procedure.
After performing tensor reduction, we are able to determine the next-to-leading order
scattering amplitudes for gauge excitations. We compare them to the integrability predictions
and find that the scheme independent part agrees completely. This is the main result of the
paper. Furthermore, by comparing scheme dependent terms, we find that the RSTW scheme
reproduces exactly the same expression as from integrability.
The plan of the paper is as follows. In Section 2 we summarize our results omitting
all the technical details of the computation or of the expansion of the exact result. After
reviewing the form of the worldsheet Lagrangian and extracting the Feynman rules in Section
3 we proceed in Section 4, recalling the worldsheet computation of scattering factors of gauge
excitations at leading order, which was carried out in [46].
In Section 5.2 we provide details on the most technical part of the computation, namely
the reduction of tensor integrals emerging from Feynman diagrams to scalar bubble integrals.
In particular we analyse and compare different approaches to tensor reduction.
We then turn to the computation of the one-loop scattering factors for same helicity
gluons and opposite helicity gluons in forward and backward kinematics, in Sections 6, 7 and
8 respectively. For each we list and compute the Feynman diagrams at one loop. We reduce
the tensor integrals and express the result in terms of scalar bubbles.
We finalise the one-loop computation computing two final ingredients. First, in Section
9, we derive the external legs corrections contributing via the LSZ formalism. Second, in
Section 10, we determine the g−2 corrections coming from evaluating the leading order result
at a quantum corrected value of the particle energies in terms of the spatial momentum.
The sum of all these contributions gives the final scattering factors at next-to-leading
order. In Section 11 we compare these results with the prediction form integrability and find
agreement.
We provide several technical details in a series of appendices.
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2. Summary of the results
The GKP string worldsheet theory is a classically integrable model. Assuming integrability
at the quantum level, the asymptotic Bethe ansatz [62] determines scattering between its
excitations at any coupling g ≡
√
λ
4pi , where λ is the N = 4 SYM ’t Hooft coupling. In
particular the Bethe equations are amenable of a perturbative expansion at strong coupling,
which allows to determine closed analytic expressions for scattering factors. In this paper we
focus on scattering of gluon excitations up to next-to-leading order (namely order g−2).
Here we summarize the final result from the integrability prediction, omitting all the tech-
nical details of the derivations. These are based on the expansion of the exact result carried
out in [32] and are summarized in Appendix A. Eventually, our perturbative computation
using the light-cone gauge-fixed string sigma model precisely agrees with the integrability
prediction,therefore this section also provides a synthesis of the results obtained via sigma
model perturbation theory.
We express the final result in terms of the spatial components p1 and p2 of the two-
momenta p1 and p2,
pi = (ei,pi) (2.1)
parametrizing them by hyperbolic rapidities
pi =
√
2 sinh θi ei = i
√
2 cosh θi +O(g−1) (2.2)
where the energy takes imaginary values for real rapidities, since we are dealing with a Eu-
clidean worldsheet. We stress that, since the dispersion relation is non-relativistic, the energy
ei receives quantum corrections. In order to take into account the one-loop effect of those ad-
ditional contributions one has to correct the energy factors and the Bethe rapidities appearing
in the tree-level result, in the perturbative and integrability description, respectively. On the
other hand in the one-loop terms we can safely assume a relativistic dispersion relation since
the corresponding corrections would affect the results starting from two loops.
We start the summary with the same helicity amplitude
Sgg(θ1, θ2) = 1 +
i
g
S(0)gg (θ1, θ2) +
i
g2
S(1)gg (θ1, θ2) +O(g−3) (2.3)
with
S(0)gg (θ1, θ2) =
cosh (θ1 − θ2) + 1
2 (tanh 2θ1 − tanh 2θ2) (2.4)
The one-loop expressions are lengthy and we can organize their contribution splitting it into
terms, according to which transcendental number they would be proportional after collecting
a factor 14pi . For same helicity gluons the one-loop piece consists of
• an imaginary (for real rapidities) term corresponding to the square of the tree-level
amplitude (as expected by unitarity arguments)
S(1)gg (θ1, θ2)
∣∣∣
i
=
i
2
[
S(0)gg (θ1, θ2)
]2
(2.5)
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• a term proportional to log 2
S(1)gg (θ1, θ2)
∣∣∣
log 2
=
3 log 2
4π
S(0)gg (θ1, θ2) (2.6)
• a term proportional to π
S(1)gg (θ1, θ2)
∣∣∣
pi
= − cosh 2θ1 cosh 2θ2
32 sinh 2 (θ1 − θ2)
[
cosh (θ1 − θ2)
(
cosh2 2θ1 + cosh
2 2θ2
)
+ (2.7)
+
cosh 2θ1 cosh 2θ2 (1− cosh (θ1 + θ2))
cosh θ1 cosh θ2 cosh (θ1 − θ2) +
− sinh (θ1 − θ2)
cosh θ1 cosh θ2
(
sinh θ1 cosh
2 2θ1 cosh θ2 − sinh θ2 cosh θ1 cosh2 2θ2
)]
No other rational terms are present in the integrability prediction, in particular no algebraic
numbers appear.
Analogously, for opposite helicities
Sgg∗(θ1, θ2) = 1 +
i
g
S
(0)
gg∗(θ1, θ2) +
i
g2
S
(1)
gg∗(θ1, θ2) +O(g−3) (2.8)
with
S
(0)
gg∗(θ1, θ2) =
cosh (θ1 − θ2)− 1
2 (tanh 2θ1 − tanh 2θ2) (2.9)
The one-loop contribution splits into
• a real part given by the square of the tree-level amplitude
S
(1)
gg∗(θ1, θ2)
∣∣∣
real
=
i
2
[
S
(0)
gg∗(θ1, θ2)
]2
(2.10)
• a term proportional to log 2
S
(1)
gg∗(θ1, θ2)
∣∣∣
log 2
=
3 log 2
4π
S
(0)
gg∗(θ1, θ2) (2.11)
• a term proportional to π
S
(1)
gg∗(θ1, θ2)
∣∣∣
pi
= − cosh 2θ1 cosh 2θ2
32 sinh 2 (θ1 − θ2)
[
cosh (θ1 − θ2)
(
cosh2 2θ1 + cosh
2 2θ2
)
+ (2.12)
− cosh 2θ1 cosh 2θ2 (1 + cosh (θ1 + θ2))
cosh θ1 cosh θ2 cosh (θ1 − θ2) +
− sinh (θ1 − θ2)
cosh θ1 cosh θ2
(
sinh θ1 cosh
2 2θ1 cosh θ2 − sinh θ2 cosh θ1 cosh2 2θ2
)]
Backward scattering of gluons of different helicity is absent and the S-matrix is thus reflec-
tionless.
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3. Lagrangian and Feynman rules
In this section we briefly introduce the worldsheet theory for the GKP string, its spectrum of
excitations, the Feynman rules and the basic ingredients for the perturbative computation of
its S-matrix. The GKP string can be described equivalently by the light-cone gauge euclidean
Metsaev-Tseytlin Lagrangian for the AdS5×S5 sigma model, expanded in fluctuations about
the null cusp vacuum [43, 42]. The action reads
S =
T
2
∫
dt
∫ ∞
−∞
ds L T ≡
√
λ
2π
(3.1)
where the string tension T depends on the N = 4 ’t Hooft coupling λ and
L = ∣∣∂tx+ x∣∣2 + 1
z4
∣∣∂sx− x∣∣2 + (∂tzM + zM + i
z2
ψ†iΠ+(ρ
MN )ijψ
jzN
)2
+
+
1
z4
(
∂sz
M − zM
)2
+ 2 i ψ†i ∂tψ
i − 1
z2
(
ψ†iΠ+ψ
i
)2
+
+
2i
z3
[
−ψ¯iΠ+(ρ†6)ik(ρM )kjzM∆sψj −
i
z
(ψi)TΠ+(ρ
M )ijz
Mψj∆sx+
+ ψ†iΠ+(ρ
†
M )
ikzM (ρ6)kj∆sψ
j +
i
z
ψ†iΠ+(ρ
†
M )
ijzM (ψ†)j∆sx∗
]
(3.2)
with
z = eφ , zM = eφuM , M = 1, . . . 6
ua =
ya
1 + 14y
2
, u6 =
1− 14y2
1 + 14y
2
, y2 ≡
5∑
a=1
(ya)2 , a = 1, ..., 5 (3.3)
and ∆s ≡ ∂s−1. The ρMij matrices are the off-diagonal blocks of 6d gamma matrices in chiral
representation and (ρMN ) ji = (ρ
[Mρ†N ]) ji and (ρ
MN )ij = (ρ
†[MρN ])ij are the SO(6) Lorentz
matrices.
The gamma matrices are defined as
γt = −σ1 γs = σ3 (3.4)
and ψ¯ ≡ ψ†γt. The projectors appearing in the Lagrangian are defined Π± ≡ 12 (1± γs),
where 1 is the 2× 2 identity matrix.
The spectrum of the fluctuations is derived by expanding in the fields to second order
L2 = ∂αφ∂αφ+ 4φ2 + ∂αx ∂αx∗ + 2xx∗ + ∂αya∂αya + 2 i ψ¯i
(
/∂ + 1
)
ψi (3.5)
The bosonic sector consists of a mass
√
2 complex scalar x, a mass 2 scalar φ and 5 massless
scalars ya, a = 1, . . . 5. The fermionic sector consists of 8 mass 1 Dirac fermions ψi, i = 1, . . . 4,
transforming in the 4 representation of SU(4). In this paper we focus on scattering of the
x and x∗ particles, which are interpreted as the insertion of a positive and negative helicity
gluon in the GKP vacuum.
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The Feynman rules for the Lagrangian (3.2) follow. The propagators extracted from (3.5)
read
〈x(p)x∗(−p)〉 =
p
=
1
2g
2
p2 + 2
〈φ(p)φ(−p)〉 =
p
=
1
2g
1
p2 + 4
〈ya(p)yb(−p)〉 =
p
=
1
2g
δab
p2
〈ψi(p)ψ¯j(−p)〉 =
p
=
1
2g
i
i/p − 1
p2 + 1
δij (3.6)
Interaction vertices are straightforwardly inferred from the action. For the one-loop computa-
tion we carry out in this paper we have to expand some vertices involving x fields up to order
five. We list them for completeness in the Appendix C. Taking into account the non-standard
normalization of the action, the prescription for the correct coefficient of vertices amounts to
multiplying each by a factor −12 .
We now turn to kinematics. Scattering in two dimensions between particles of the same
mass is elastic, namely the momenta of the outgoing particles are a permutation of those of
the incoming ones. In particular, for distinguishable particles (such as when scattering gluons
of different helicity) two configurations are allowed: forward scattering p′1 = p1, p
′
2 = p2, and
backward scattering p′1 = p2, p
′
2 = p1. A feature of the gluon-gluon S-matrix is that it is
reflectionless, that is backward scattering is absent. This is a peculiarity that we want to test
perturbatively. Anyway, this means that the scattering of gluons is completely specified by
the two scattering factors Sgg and Sgg∗ . Moreover, thanks to 2-dimensional kinematics these
are functions of only two independent parameters, that we choose to be the rapidities θ1 and
θ2. Imposing momentum conservation explicitly produces a Jacobian from the δ functions
J−1 = 4 e1(p1)e2(p2)
(
d e1(p1)
d p1
− d e2(p2)
d p2
)
(3.7)
which we have to multiply the result of the Feynman diagrams by. As a final remark, due
to the normalization of the action, we introduce an additional factor Nx =
√
2/T for each
external gluon, which balances the dependence on the coupling constant correctly.
Hence we finally have the strong coupling expansion of the scattering amplitude for gauge
excitations
S(θ1, θ2) = 1 +
i
g
S(0)(θ1, θ2) +
i
g2
S(1)(θ1, θ2) +O(g−3) (3.8)
where we have defined the coupling g ≡
√
λ
4pi . For the one-loop term we write
S(1)(θ1, θ2) =
J(θ1, θ2)
4πi
A(1)(θ1, θ2) (3.9)
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where we have factorized the Jacobian, a factor of i, and a convenient common factor 4π,
emerging from all one-loop integrals.
4. Tree-level amplitudes
In this section we briefly review the tree-level computation of gluon amplitudes [46] and
provide their result. This is also used to derive a contribution appearing in the one-loop
correction.
For scattering of two gluon excitations of the same helicity we evaluate the diagrams of
Figure 1. The result of the computation of the graphs reads
x(p1)
x(p2)
x(p′1)
x(p′2)
x(p1)
x(p′2)x(p2)
x(p′1)
Figure 1: Tree-level diagrams for xx→ xx scattering. The exchanged particle is the φ scalar.
A(0)gg (p1, p2) = 8g
(
p21 + 1
) (
p22 + 1
)(1
4
+
1
(p1 − p2)2 + 4
)
+O(g0) (4.1)
and the final S-matrix element in terms of hyperbolic rapidities is
Sgg(θ1, θ2) = 1 +
i
g
cosh (θ1 − θ2) + 1
2 (tanh 2θ1 − tanh 2θ2) +O(g
−2) (4.2)
With opposite helicities we have the diagrams in Figure 2. For the forward solution to
x(p1)
x
∗(p2)
x(p′1)
x
∗(p′2)
x(p1)
x
∗(p′2)x
∗(p2)
x(p′1)
Figure 2: Tree-level diagrams for xx∗ → xx∗ scattering. The exchanged particle is the φ scalar.
the kinematic constraints the Feynman diagrams give
A(0)gg∗(p1, p2) = 8g
(
p21 + 1
) (
p22 + 1
)(1
4
+
1
(p1 + p2)2 + 4
)
+O(g0) (4.3)
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which yields the final amplitude
Sgg∗(θ1, θ2) = 1 +
i
g
cosh (θ1 − θ2)− 1
2 (tanh 2θ1 − tanh 2θ2) +O(g
−2) (4.4)
In the backward scattering kinematics the amplitude vanishes due to a cancellation between
the two exchange channels. Explicitly the diagrams read
←−A (0)gg∗(p1, p2) = 8g
(
p21 + 1
) (
p22 + 1
) ( 1
(p1 + p2)2 + 4
+
1
(p1 − p2)2 + 4
)
= 0 (4.5)
where the last equality follows from the identity
(p1 + p2)
2 + 4 = −(p1 − p2)2 − 4 (4.6)
which holds for mass
√
2 particles.
We point out that these perturbative results are in agreement with the integrability
predictions (2.4) and (2.9).
5. Integral reduction(s)
5.1 Reduction to lower order topologies
In two space-time dimensions it is possible to reduce all higher-point one-loop integrals to bub-
bles and tadpoles. This gives more compact expressions when casting results in terms of a ba-
sis of integrals and provides an easier check against the constraints imposed by unitarity. The
reduction to bubble integrals can be performed for instance via the van Neerven-Vermaseren
procedure [63]. For the diagrams at hand we have ascertained that bosonic diagrams can be
expressed in terms of the following basis of integrals
{ I[2, 2; s], I[2, 2;u], I[2, 2; 0], I[4, 4; s], I[4, 4;u], I[4, 4; 0], I[2, 4;−2], I[2], I[4] } (5.1)
whereas fermionic diagrams evaluate to a rational combination of the scalar bubbles and
tadpoles
{ I[1, 1; s], I[1, 1;u], I[1, 1; 0], I[1, 1;−2], I[1] } (5.2)
The Mandelstan variables are defined as
s = (p1 + p2)
2 u = (p1 − p2)2 (5.3)
and, on-shell, they are related by momentum conservation s+u = −8, leaving one independent
degree of freedom. In (5.1) and (5.2) we have used the notation
I[m21,m
2
2; p
2] ≡
∫
d2l
(2π)2
1[
l2 +m21
] [
(l + p)2 +m22
] (5.4)
I[m2] ≡
∫
d2l
(2π)2
1
l2 +m2
(5.5)
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The former integral is finite (provided masses are non-vanishing) whereas the latter is UV
divergent. For bubbles the following result is handy (p here, as usual, is to be interpreted as
the norm of the two-momentum and not as a vector)
I[m21,m
2
2; p
2] =
log
p2+m21+m
2
2+
√
(p2+m21+m
2
2)
2−4m21 m22
p2+m21+m
2
2−
√
(p2+m21+m
2
2)
2−4m21 m22
4π
√
(p2 +m21 +m
2
2)
2 − 4m21m22
(5.6)
from which we have in particular
I[2, 4;−2] = 1
32
I[1, 1;−2] = 1
8
I[m2,m2; 0] =
1
4πm2
(5.7)
Notice that the first two integrals in (5.7) are bubble with ingoing momentum p1 or p2 set to
its on-shell value p2i = −2. Tadpoles can be computed in dimensional regularization and give
I[m2] =
1
4π
(
1
ǫ
− logm2
)
+O(ǫ) (5.8)
with a suitable normalization discarding extra unwanted constants that cancel out in the final
result.
The evaluation of the latter integrals shows the possible numbers which can appear in
the one-loop amplitude. Integrals with an external momentum in the loop are responsible
for terms proportional to π. Tadpoles (and what remains from finite combinations thereof)
generate log 2 terms. Finally integrals with vanishing momentum (which are nothing but
tadpoles with a squared propagator), produce algebraic numbers of lower transcendentality.
Such kind of terms can be also produced by evanescent terms multiplying divergent tadpoles,
which are ubiquitous in dimensional regularization. Consequently, we anticipate that this
kind of terms are scheme dependent. On the contrary, the transcendental numbers described
above are scheme independent and possess a physical meaning. We elaborate more on scheme
dependence issues in Section 5.2.
In order to reduce all integrals to the basis above, two steps are needed. First, tensor
integrals have to be reduced to scalar integrals. We provide more details on this step in the
following section. Second, scalar integrals with higher number of propagators are reduced to
bubbles and tadpoles. We spell out how this is achieved for the relevant integrals appearing
in the computation. These can be classified in terms of the number of propagators and are
box, triangle, bubble and tadpole integrals.
Triangles The scalar triangle integrals appearing in the computation are reduced as follows∫
d2l
(2π)2
1
(l2 + 2)[(l + p1)2 + 4][(l + p2)2 + 4]
=
1
4
I[4, 4;u] (5.9)∫
d2l
(2π)2
1
(l2 + 1)[(l + p1)2 + 2][(l + p2)2 + 2]
=
(8 + s)I[2, 2;u] − 8 I[2, 4;−2]
8(s + 4)
(5.10)∫
d2l
(2π)2
1
(l2 + 1)[(l + p1)2 + 1][(l + p2)2 + 1]
= − 2
s+ 4
I[1, 1;−2] + 1
2
I[1, 1;u] (5.11)
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All other triangle integrals which are relevant for the one-loop computation can be obtained
by either replacing, e.g., p2 → −p2 (and consequently s → u) or in the limit p2 → p1. The
relations above have been derived via the van Neerven-Vermaseren formalism and checked
analytically and numerically solving the relevant integrals.
Boxes The scalar box integrals appearing in the Feynman diagrams for gluon-gluon scat-
tering are in a special kinematic configuration since scattering in two dimensions is elastic.
In particular the first class of them is actually a triangle topology with a squared propagator.
Such integrals are∫
d2l
(2π)2
1
(l2 + 2)2[(l + p1)2 + 4][(l + p2)2 + 4]
=
=
(s− 4)I[4, 4;u] + 4I[2, 4;−2]
8s
(5.12)∫
d2l
(2π)2
1
(l2 + 4)2[(l + p1)2 + 2][(l + p2)2 + 2]
=
=
(
s2 + 8s+ 32
)
I[2, 2;u] − 32 I[2, 4;−2] − 8 (s + 4)I[4, 4; 0])
32(s + 4)2
(5.13)∫
d2l
(2π)2
1
(l2 + 1)2[(l + p1)2 + 1][(l + p2)2 + 1]
=
=
(s+ 2)I[1, 1;u] − 4 I[1, 1;−2] − 2 I[1, 1; 0]
2(s + 4)
(5.14)
Again, other slightly different integrals appear in the computation, which can be dealt with
by swapping the sign of one of the external momenta. Then there are proper box topologies,
but with vanishing t-channel. These read∫
d2l
(2π)2
1
(l2 + 2)[(l + p1)2 + 4][(l + p1 + p2)2 + 2][(l + p2)2 + 4]
=
= −sI[2, 2; s]− 2(s + 4)I[4, 4;u] + 8 I[2, 4;−2]
4s(s+ 4)
(5.15)∫
d2l
(2π)2
1
(l2 + 1)[(l + p1)2 + 1][(l + p1 + p2)2 + 1][(l + p2)2 + 1]
=
=
(s+ 4)(I[1, 1;u] − I[1, 1; s]) − 8 I[1, 1;−2]
(s+ 4)2
(5.16)
5.2 Tensor reduction
Due to the derivative interactions in the Lagrangian (3.2) and fermion propagators, the Feyn-
man diagrams produce tensor integrals. Power counting shows that the maximum number of
momenta in the numerator is four. When this occurs for triangles or bubbles the integrals
are UV divergent.
Tensor integrals have to be reduced to scalar ones. There are different approaches which
can be followed to perform this reduction. They differ by scheme dependent terms and one
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should try to find one which reproduces the integrability result, at least at this perturbative
order.
In the first place we use the most traditional approach, namely Passarino-Veltman reduc-
tion [64]. We note that for the integrals at hand PV determinants are singular in strictly two
dimensions. As a result we have to deal with PV reduction in d = 2− 2ǫ dimensions. At the
end of the reduction process one encounters several integrals with inverse propagators, which
can be reduced to master integrals. We have performed this step both via the automated
algorithm based on IBP identities FIRE [65] and by hand. The final master integrals can
then be further reduced to bubbles and tadpoles as explained above. Since the reduction is
performed in d dimensions, there are ubiquitous factors of the regularization parameter ǫ in
the expressions, which can then be expanded in series. Even in finite integrals such terms
may hit tadpole integrals and produce rational pieces (proportional to algebraic numbers).
Consistently, keeping track of all such factors, the final result in terms of bubble integrals
coincides with the original (finite) tensor integral as evaluated directly by, e.g., Feynman
parameters. As a check, we have verified that this is indeed the case, for all finite tensor
integrals, integrating numerically in the regions where the integrals converge.
We could also have followed a different prescription where the PV reduction is performed
in d dimensions, but we then take d = 2 directly, thus discarding the evanescent terms
described above. This is not a consistent procedure of regularization in the sense that when
applied to finite integrals it does not yield the correct result for it. Nevertheless it differs
from the previous method only by scheme dependent terms and thus could be an acceptable
prescription to deal with numerators.
As we discussed in the Introduction, dimensional regularization might not be an ideal
scheme for these kinds of two-dimensional integrable models. From a a priori point of view
this can be understood from the fact that a crucial symmetry for the classical integrability
of the model, i.e. κ-symmetry, is chiral (and has a self-dual parameter) and therefore is
defined in strictly two dimensions. This is related to the fact that the string sigma model
action contains a parity odd Wess-Zumino term, proportional to a two-dimensional Levi-
Civita symbol. Although we do not discuss them here, let us mention that possible recipes to
analytically continue the two-dimensional Levi-Civita symbol are present in the literature (see,
e.g., [66]). In addition, it can be verified that dimensional regularization does not preserve
some two-dimensional algebraic identities at the level of the numerator of the integrands,
which one might want to enforce.
On the other hand, from a a posteriori point of view, we observe that the application of
dimensional regularization to the computation of two-point functions and S-matrices pollutes
the result with scheme dependent terms which are not present in the integrability prediction.
An alternative treatment of numerators has been proposed in [51]. There the bottomline
is to reduce numerators by using two algebraic identities valid in two dimensions. In the
case of [51] this was applied to bubble and tadpole integrals with a single mass. Nevertheless
there is no obstruction in extending this procedure to integrals with a higher number of
propagators and different masses. In [51] the authors use light-cone momenta to which we
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can always switch, reexpressing the numerators with the momentum components l0 and l1 by
light-cone momenta l± ≡ l0± i l1. The resulting integrals can be classified by the propagators
and the number of momenta (nl+ , nl−) appearing in the numerator. Then it is immediate to
write algebraic relations, such as
l+l− = [l2 +m21]−m21 = [(l + p)2 +m22]− l+p− − l−p+ − p2 −m22 (5.17)
and
l+p− + l−p+ =
[
(l + p)2 +m22
]− [l2 +m21]− (p2 +m22 −m21) (5.18)
Imposing such relations on the integrand of the integrals appearing in our computation, one
can iteratively reduce the powers of numerators and arrive at a minimal set of integrals. More
explicitly, whenever we have an integral with indices (n+ k, n) and n ≥ 1, we can apply the
identity (5.17) and express it in terms of numerators with indices (n+k−1, n−1), (n+k, n−1)
and (n+ k − 1, n − 1).
While performing this reduction, integrals of lower topology are generated because of
the inverse propagators on the right-hand-side of (5.17). The reiterated application of (5.17)
breaks whenever an integral with an index 0 is reached or the lowest order topology, a tadpole,
is generated. The latter can be assumed to be irreducible by algebraic relations and can finally
be evaluated by dimensional regularization. The indices of such tadpoles vary according to
the powers and propagators of the original integrals. Hence, we can assume that all integrals
resulting from the first step should either be irreducible tadpoles or be in the form (k, 0)
or (0, k). On these we can further apply (5.18). For integrals with indices (k, 0) (k > 1)
we interpret one of the indices as the l+ appearing on the l.h.s. of that identity and after
imposing (5.18) we can express it in terms of a bunch of integrals with indices (k − 1, 1) and
(k − 1, 0). The first class falls into the category which is reducible by (5.17).
Finally, iteratively applying this procedure we arrive at a basis of master integrals with
one power of momentum at most. This procedure can be implemented algorithmically and
provides a very efficient reduction. In particular, starting from boxes and triangles with at
most four powers of momentum in the numerator, we reduce them to boxes and triangles
with one power of momentum at most in the numerator. These integrals are finite and can
then be straightforwardly evaluated, for instance with the techniques described above.
We have applied this procedure to the relevant integrals and have compared the different
reduction methods. Importantly, we find that for all integrals the coefficients of the tadpoles
and the bubbles with invariants s, u and −2 coincide in all schemes. This means that the part
of the amplitude proportional to these is indeed scheme independent as expected. We recall
that these integrals account for the maximally transcendental part of the amplitude, with
potential logarithms of the kinematic invariants and terms proportional to the transcendental
constants π and log 2. The different reduction procedures differ for bubbles with 0 momentum
invariant and rational terms of lower transcendentality. In particular we observe empirically
that for all box (even the degenerate ones) and triangle topologies the RSTW scheme produces
the same results as from the PV reduction in two dimensions.
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6. One-loop same helicity scattering
6.1 Diagrams
In this section we list and compute the Feynman diagrams contributing to the same helicity
amplitude at one loop. We divide them into topologies, namely boxes, triangles, bubbles and
tadpoles.
Boxes The box diagrams are depicted in Figure 3. There are four possible contractions of
x(p1)
x(p2)x(p2)
x(p1) x(p1)
x(p2)x(p1)
x(p2)x(p1)
x(p2)
x(p1)
x(p2)
x(p1)
x(p1)x(p2)
x(p2)
x(p1)
x(p1)
x(p2)
x(p2)
Figure 3: Box diagrams for scattering of two gluons of the same helicity. We use the notation of (3.6)
for particle propagators. Arrows on the propagators indicate how the charge of the particles flows.
Whenever ambiguous we put an additional arrow stemming for incoming/outgoing momentum.
bosonic diagrams which evaluate†
Boxggb = 64(p
2
1 + 1)(p
2
2 + 1)
{∫
d2l
(2π)2
[(l1 − p1)2 + 1][(l1 + p2)2 + 1]
(l2 + 4)2[(l − p1)2 + 2][(l + p2)2 + 2]+
+
[(l1 + p1)
2 + 1][(l1 + p2)
2 + 1]
(l2 + 4)2[(l + p1)2 + 2][(l + p2)2 + 2]
+
+
(l21 + 1)[(l1 + p1 + p2)
2 + 1]
(l2 + 2)[(l + p1)2 + 4][(l + p1 + p2)2 + 2][(l + p2)2 + 4]
+
+
(l21 + 1)
2
(l2 + 2)2[(l + p1)2 + 4][(l + p2)2 + 4]
}
(6.1)
and one fermionic box reading
Boxggf = −64(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
l20(l0 + e1)(l0 + e2)
[l2 + 1]2[(l + p1)2 + 1][(l + p2)2 + 1]
(6.2)
All integrals are finite.
†Here and in the following we denote the loop momentum l as l = (l0, l1). Hopefully this will not generate
any confusion with the indices 1 and 2 associated to the ingoing momenta p1 = (e1,p1) and p2 = (e2, p2).
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x(p1)
x(p2)
x(p1)
x(p2)
x(p1)
x(p2)
x(p1)
x(p2)
x(p1)
x(p2)
x(p1)
x(p2)
x(p1)
x(p2)
x(p1)
x(p2)
x(p1)
x(p2)
x(p1)
x(p2)
x(p1) x(p1) x(p1)
x(p1)x(p1)x(p1)
x(p2) x(p2) x(p2)
x(p2) x(p2) x(p2)
Figure 4: Triangle diagrams for scattering of two gluons of the same helicity.
Triangles Triangle diagrams are shown in Figure 4 in a particular configuration. A per-
mutation of the incoming momenta gives the other diagrams and is already included in the
following results. The first bosonic triangle reads
Trigg1 = −128(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
(l21 + 1)
(l2 + 2)[(l + p1)2 + 4][(l + p2)2 + 4]
+
− 64(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
(l21 + 1)
(l2 + 2)[(l + p1)2 + 4]2
+
− 64(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
(l21 + 1)
(l2 + 2)[(l + p2)2 + 4]2
(6.3)
and is finite. The second triangle evaluates
Trigg2 = −
64(p21 + 1)(p
2
2 + 1)
(p1 − p2)2 + 4
∫
d2l
(2π)2
(l21 + 1)[l
2
0 + l0(e1 + e2) + e
2
1 + e
2
2 − e1e2 − (t↔ s)]
(l2 + 2)[(l + p1)2 + 4][(l + p2)2 + 4]
+
− 32(p
2
1 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
(l21 + 1)[(l0 + e1)
2 − (l1 + p1)2]
(l2 + 2)[(l + p1)2 + 4]2
+
− 32(p
2
1 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
(l21 + 1)[(l0 + e2)
2 − (l1 + p2)2]
(l2 + 2)[(l + p2)2 + 4]2
(6.4)
and the integrals with four powers of loop momentum are UV divergent. The antisymmetriza-
tion indicated by (t↔ s) is between time and space indices. The last bosonic topology gives
Trigg3 =
128(p21 + 1)(p
2
2 + 1)
(p1 − p2)2 + 4
∫
d2l
(2π)2
[(l1 + p1)
2 + 1][(l1 + p2)
2 + 1]
(l2 + 4)[(l + p1)2 + 2][(l + p2)2 + 2]
+
+
64(p21 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
[(l1 + p1)
2 + 1]2
(l2 + 4)[(l + p1)2 + 2]2
+
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+
64(p21 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
[(l1 + p2)
2 + 1]2
(l2 + 4)[(l + p2)2 + 2]2
(6.5)
and is again divergent. Finally there is a fermion loop diagram
Trigg4 =
128(p21 + 1)(p
2
2 + 1)
(p1 − p2)2 + 4
∫
d2l
(2π)2
l0(l0 + e1)[(l1 + p2)
2 + 1] + l0(l0 + e2)[(l1 + p1)
2 + 1]
(l2 + 1)[(l + p1)2 + 1][(l + p2)2 + 1]
+
+
128(p21 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
l0(l0 + e1)[(l1 + p1)
2 + 1]
(l2 + 1)[(l + p1)2 + 1]2
+
+
128(p21 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
l0(l0 + e2)[(l1 + p2)
2 + 1]
(l2 + 1)[(l + p2)2 + 1]2
(6.6)
which is divergent.
Bubbles Bubble diagrams are sketched in Figure 5 for one configuration. A permutation
x(p2) x(p2)
x(p1) x(p1)
x(p2) x(p2)
x(p1) x(p1)
x(p2) x(p2)
x(p1) x(p1)
x(p2) x(p2)
x(p1)x(p1)
x(p2) x(p2)
x(p1)x(p1)
x(p2) x(p1)
x(p1) x(p2)
x(p2) x(p1)
x(p1) x(p2)
x(p2)
x(p1)
x(p2)
x(p1)
x(p2)
x(p1)x(p2) x(p2) x(p2)
x(p1) x(p1) x(p1)
Figure 5: Bubble diagrams for scattering of two gluons of the same helicity.
(affecting all diagrams but the first and the third) has to be considered, which is already
included in the results below (and amounts to a factor 2 for the second and 4 for the last two
diagrams). The first bosonic bubble diagram evaluates
Bubgg1 = 32(p
2
1 + 1)(p
2
2 + 1) [I[4, 4; 0] + I[4, 4;u]] (6.7)
and is manifestly finite. The second reads
Bubgg2 = 32(p
2
1 + 1)(p
2
2 + 1)
[
1
4
∫
d2l
(2π)2
l20 − l21
(l2 + 4)2
+
+
1
(p1 − p2)2 + 4
∫
d2l
(2π)2
l20 − l0(e1 − e2) + (e1 − e2)2 − (t↔ s)
(l2 + 4)2[(l + p2 − p1)2 + 4]
]
(6.8)
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and is in principle UV divergent by power counting, though the divergence cancels due to t,
s antisymmetry. For the same reason the first integral in (6.8) vanishes identically, giving
Bubgg2 =
32(p21 + 1)(p
2
2 + 1)
(p1 − p2)2 + 4
∫
d2l
(2π)2
l20 + l0(e1 + e2)− e1e2 + e21 + e22 − (t↔ s)
[(l + p1)2 + 4][(l + p2)2 + 4]
(6.9)
The third topology involves the (off-shell) one-loop correction to the heavy scalar propagator:
Bubgg3 = 4(p
2
1 + 1)(p
2
2 + 1)
[
〈φ(0)φ(0)〉(1) + 〈φ(p1 − p2)φ(−p1 + p2)〉(1)
]
(6.10)
This contribution is UV finite. We can use the results of [43] for the integrand of the two-point
function to construct the diagram. Therefore we have for the self-energy corrections
〈φ(P )φ(−P )〉(1) = 4 (p
2
1 + 1)(p
2
2 + 1)
(p1 − p2)2 + 4
∫
d2l
(2π)2
[
(6.11)
sαβsγδ
2lαlγ(lβlδ + 2Pβ lδ − 3PβPδ) + 4lαPβPγPδ
(l2 + 4)[(l − (p1 − p2))2 + 4] +
+ 16
(l21 + 1)[(l1 − (p1 − p2))2 + 1]
(l2 + 2)[(l − (p1 − p2))2 + 2] − 32
[(l1 − (p1 − p2))2 + 1][l21 + 1 + l0(e1 − e2 − l0)]
(l2 + 1)[(l − (p1 − p2))2 + 1] +
− 2(p1 − p2)
2
l2 + 4
− 16 l
2
1 + 1
l2 + 2
+ 32
l21 + 1
l2 + 1
+ 4
(e1 − e2)2 − (p1 − p2)2
l2 + 1
+
+ 2
(l20 − l21)2
(l2 + 4)2
+ 16
(l21 + 1)
2
(l2 + 2)2
− 32[l
2
1 + 1][l
2
1 − l20 + 1]
(l2 + 1)2
− 16 l
2
1 + 1
l2 + 2
+ 32
l21 + 1
l2 + 1
]
(6.12)
where s = diag(1,−1) and P = p1 − p2. The contribution at vanishing inflowing momentum
can be obtained as a limit. The reduction can be affected by different scheme choices, as the
rest of the computation. The procedure used in [43] is similar to the reduction in strictly two
dimensions outlined in Section 5.2. We have explicitly verified (by redoing the reduction of
[43]) that indeed the reduction via dimensional regularization differs from the latter, but only
for lower transcendentality rational terms arising from ǫ-dependent constants multiplying UV
divergent tadpoles, as expected.
The last two bubbles have the same topology but differ for the nature of the particles
flowing in the loop. The bosonic diagram reads
Bubgg4 = −128(p21 + 1)(p22 + 1)
[
1
(p1 − p2)2 + 4 +
1
4
] [ ∫
d2l
(2π)2
l21 + 1
(l2 + 2)[(l + p1)2 + 4]
+
+
∫
d2l
(2π)2
l21 + 1
(l2 + 2)[(l + p2)2 + 4]
]
(6.13)
and is UV divergent. The fermionic loop evaluates
Bubgg5 = −96(p21 + 1)(p22 + 1)
[
1
(p1 − p2)2 + 4 +
1
4
] [ ∫
d2l
(2π)2
l0(l0 + e1)
(l2 + 1)[(l + p1)2 + 1]
+
+
∫
d2l
(2π)2
l0(l0 + e2)
(l2 + 1)[(l + p2)2 + 1]
]
(6.14)
and is UV divergent too.
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Tadpoles Finally there are two tadpole diagram topologies to be considered, which are
represented in Figure 6, up to obvious permutations. These can be readily accounted for in
the results below and amount to an extra factor 2. The first topology consists of a 1PI
x(p1)
x(p2)
x(p1)
x(p2)
x(p1)
x(p2)
x(p2)
x(p1) x(p1)
x(p1)
x(p2)
x(p2)
x(p1)
x(p1)
x(p2)
x(p2)
Figure 6: Tadpole diagrams for scattering of two gluons of the same helicity.
diagram with a heavy scalar tadpole
Tadgg1 = 64(p
2
1 + 1)(p
2
2 + 1)
[
1
(p1 − p2)2 + 4 +
1
4
]
I[4] (6.15)
The second graph is a reducible topology involving the quantum corrected expectation value
of the heavy scalar
Tadgg2 = −32(p21 + 1)(p22 + 1)
[
1
(p1 − p2)2 + 4 +
1
4
]
〈φ〉 (6.16)
where 〈φ〉 = −2I[1], so that
Tadgg2 = 64(p
2
1 + 1)(p
2
2 + 1)
[
1
(p1 − p2)2 + 4 +
1
4
]
I[1] (6.17)
6.2 Expression in terms of bubble integrals
Bubbles with invariant s are easily seen to emerge only from the box diagrams. In particular
only one such bubble appears, with coefficient
A(1)gg (p1, p2)
∣∣∣
s
= 8
(
s
s− u
)2
(p21 + 1)
2(p22 + 1)
2 I[2, 2; s] (6.18)
Bubble integrals with invariant u arise from a number of diagrams and the coefficients from
each graph and their total sum are collected in Table 1 in Appendix B, where we omit a
common factor (p21 + 1)(p
2
2 + 1) = cosh 2θ1 cosh 2θ2 for brevity. After a non-trivial cancella-
tion among different diagram topologies only I[2, 2;u] survives and it comes with the same
coefficient as I[2, 2; s]
A(1)gg (p1, p2)
∣∣∣
log
= 8
(
s
s− u
)2
(p21 + 1)
2(p22 + 1)
2 (I[2, 2; s] + I[2, 2;u]) (6.19)
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This is the part of the amplitude which potentially contains logarithms of the momentum
invariants.
The coefficients of bubbles with external momentum p1 or p2 inflowing are spelled out
in Table 2 in Appendix B. Summing them up and taking into account the relations (5.7) we
find a term proportional to π (in units of 4π)
A(1)gg (θ1, θ2)
∣∣∣
pi
=
π
2
cosh 2θ1 cosh 2θ2
[
4 cosh2 (θ1 + θ2)+
+
cosh (θ1 − θ2) + 1
cosh (θ1 − θ2)
(− cosh2 2θ1 − cosh2 2θ2 + 4 (1− cosh 2 (θ1 + θ2)))
]
(6.20)
Finally there are terms proportional to log 2 which arise from tadpole integrals. They
come from almost all bosonic diagrams and finally add up to a remarkably simple contribution
A(1)gg (θ1, θ2)
∣∣∣
log 2
= 2
cosh 2θ1 cosh 2θ2
cosh (θ1 − θ2) cosh
2 θ1 − θ2
2
(cosh 4θ1 + cosh 4θ2 + 8) log 2 (6.21)
On top of this there are terms proportional to algebraic numbers that are scheme depen-
dent. We have computed them in the three different schemes outlined in Section 5.2. The
coefficients vary significantly according to the scheme, as expected. In Table 3 (see Appendix
B) we summarize the coefficients for bubble integrals with momentum 0, given by using the
RSTW scheme (see the Introduction). Using (5.7), and summing the contributions from all
bubbles with different masses, we obtain a remarkably simple expression
A(1)gg (θ1, θ2)
∣∣∣
algebraic
= 2
cosh 2θ1 cosh 2θ2
cosh (θ1 − θ2) cosh
2 θ1 − θ2
2
(cosh 4θ1 + cosh 4θ2 + 2) (6.22)
6.3 Comments on the result
We start commenting on finiteness. First we note that since no coupling with the massless
scalars is involved, no IR divergences are generated. An exception is the third bubble topology
where actually a y scalar loop appears in the one-loop correction to the two-point function of
heavy scalars. Nevertheless, this contribution evaluates to 0 identically and consequently the
result is IR finite, as expected. We remark that although some individual diagrams develop
UV divergences, the final sum of all diagrams undergoes a complete cancellation of poles
A(1)gg
∣∣∣
UV
= A(1)gg
∣∣∣
IR
= 0 (6.23)
This was also expected and provides a check on the correctness of the computation.
Next we observe that, quite remarkably, all potential bubble integrals with s and u
invariants cancel out of the final result (though a plethora of them appears from tensor
reduction of the individual graphs), but those with masses 2. Furthermore, as a result of (6.19)
and using (5.6), we ascertain that the sum of them is free of logarithms of the momentum
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invariants. This is because the arguments of the logarithms are opposite and hence the real
part vanishes and there survives only a rational imaginary term
A(1)gg (θ1, θ2)
∣∣∣
log
= i
cosh2 2θ1 cosh
2 2θ2 cosh
4 θ1−θ2
2
sinh (θ1 − θ2) cosh2 (θ1 − θ2)
(6.24)
Since these were the only source of potential logarithms in the computation, the complete
amplitude turns out to be rational. This agrees with the integrability prediction (2.3). We
can do better and compare the term coming from (6.19) with the real part of the integrability
prediction (2.5). After including the Jacobian factor and normalization, these pieces are
found to coincide. We recall that in the integrability result such a term arises as the square
of the tree-level amplitude by exponentiating the scattering phase. All these facts are totally
consistent with a unitarity based argument, according to which the two-particle cuts in the
s and u channels are given by squaring two gluon-gluon tree-level scattering amplitudes. We
leave a more complete description of the construction of this amplitude via unitarity to future
studies.
7. One-loop opposite helicity forward scattering
The computation of the one-loop scattering matrix for gluons with opposite helicities in for-
ward kinematics is completely analogous to that for same helicity gauge excitations described
in Section 6. In particular, it can be obtained from the latter by a standard crossing trans-
formation
s↔ u p2 → −p2 (7.1)
which allows to interchange the two processes, as expected from crossing symmetry. Hence
we omit a detailed derivation (which we provide in Appendix B) and simply state the final
result.
Similarly to the same helicity scattering, bubbles with invariant u are generated only in
the reduction of the bosonic box diagrams, while bubbles with invariant s are ubiquitous and
their coefficients are collected in Table 4 in Appendix B. The final result for bubble integrals
with invariant s and u is completely analogous to (6.19)
−→A (1)gg∗(p1, p2)
∣∣∣
log
= 8
(
u
s− u
)2
(p21 + 1)
2(p22 + 1)
2 (I[2, 2; s] + I[2, 2;u]) (7.2)
and, as in that case, it has a simple interpretation in terms of unitarity cuts.
The coefficients of the integrals with an external on-shell momentum are collected in Table
5 in Appendix B. Combining the contributions of these integrals we find a term proportional
to π reading
−→A (1)gg∗(θ1, θ2)
∣∣∣
pi
=
π
2
cosh 2θ1 cosh 2θ2
[
4 cosh2 (θ1 + θ2)+
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+
1− cosh (θ1 − θ2)
cosh (θ1 − θ2)
(
cosh2 2θ1 + cosh
2 2θ2 − 4 (1− cosh 2 (θ1 + θ2))
) ]
(7.3)
Finally there are terms proportional to log 2 which arise from tadpole integrals. They come
from almost all bosonic diagrams and finally add up to a remarkably simple contribution
−→A (1)gg∗(θ1, θ2)
∣∣∣
log 2
= 2
cosh 2θ1 cosh 2θ2
cosh (θ1 − θ2) sinh
2 θ1 − θ2
2
(cosh 4θ1 + cosh 4θ2 + 8) log 2 (7.4)
On top of this there are scheme dependent terms. We collect them in Table 6 in Appendix
B within the RSTW scheme. Combining the contributions from all bubbles with different
masses, we find
−→A (1)gg∗(θ1, θ2)
∣∣∣
algebraic
= 2
cosh 2θ1 cosh 2θ2
cosh (θ1 − θ2) sinh
2 θ1 − θ2
2
(cosh 4θ1 + cosh 4θ2 + 2) (7.5)
8. One-loop opposite helicity backward scattering
8.1 Diagrams
We list and evaluate the Feynman diagram topologies for backward scattering.
Boxes The box diagrams are shown in Figure 7. The bosonic part consists of four contri-
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x
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Figure 7: Box diagrams in the opposite helicity process and for backward kinematics.
butions
←−−
Boxgg
∗
b = 64(p
2
1 + 1)(p
2
2 + 1)
{
(l21 + 1)[(l1 + p1 + p2)
2 + 1]
(l2 + 2)[(l + p1)2 + 4][(l + p1 + p2)2 + 2][(l + p2)2 + 4]
+
+
(l21 + 1)
2
(l2 + 2)2[(l + p1)2 + 4][(l + p2)2 + 4]
+
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+
(l21 + 1)[(l1 − p1 + p2)2 + 1]
(l2 + 2)[(l − p1)2 + 4][(l − p1 + p2)2 + 2][(l + p2)2 + 4]+
+
(l21 + 1)
2
(l2 + 2)2[(l − p1)2 + 4][(l + p2)2 + 4]
}
(8.1)
and the fermionic piece reads
←−−
Boxgg
∗
f = −64(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
l0(l0 + e1)(l0 + e2)(l0 + e1 + e2)
[l2 + 1][(l + p1)2 + 1][(l + p1 + p2)2 + 1][(l + p2)2 + 1]
(8.2)
This last is a proper fermionic box, at a difference with the previous configurations where the
fermionic box always degenerated to triangles with a squared propagator.
Triangles The triangle diagrams are collected in Figure 8 in a particular configuration. A
permutation has to be performed, similarly to the forward case. However, in this configura-
tion, it amounts to a factor of 2 for all diagrams. The first topology yields
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Figure 8: Triangle diagrams in the opposite helicity process and for backward kinematics.
←−
Trigg
∗
1 = −128(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
(l21 + 1)
(l2 + 2)[(l + p1)2 + 4][(l + p2)2 + 4]
+
− 128(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
(l21 + 1)
(l2 + 2)[(l − p1)2 + 4][(l + p2)2 + 4] (8.3)
The second reads
←−
Trigg
∗
2 = −
64(p21 + 1)(p
2
2 + 1)
(p1 − p2)2 + 4
∫
d2l
(2π)2
(l21 + 1)[l
2
0 + l0(e1 + e2) + e
2
1 + e
2
2 − e1e2 − (t↔ s)]
(l2 + 2)[(l + p1)2 + 4][(l + p2)2 + 4]
+
− 64(p
2
1 + 1)(p
2
2 + 1)
(p1 + p2)2 + 4
∫
d2l
(2π)2
(l21 + 1)[l
2
0 + l0(e2 − e1) + e21 + e22 + e1e2 − (t↔ s)]
(l2 + 2)[(l − p1)2 + 4][(l + p2)2 + 4]
(8.4)
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and the integrals with four powers of loop momentum are UV divergent. The last bosonic
topology gives
←−
Trigg
∗
3 =
128(p21 + 1)(p
2
2 + 1)
(p1 − p2)2 + 4
∫
d2l
(2π)2
[(l1 + p1)
2 + 1][(l1 + p2)
2 + 1]
(l2 + 4)[(l + p1)2 + 2][(l + p2)2 + 2]
+
+
128(p21 + 1)(p
2
2 + 1)
(p1 + p2)2 + 4
∫
d2l
(2π)2
[(l1 − p1)2 + 1][(l1 + p2)2 + 1]
(l2 + 4)[(l − p1)2 + 2][(l + p2)2 + 2] (8.5)
and is again divergent. Finally there is a fermion loop diagram
←−
Trigg
∗
4 =
128(p21 + 1)(p
2
2 + 1)
(p1 − p2)2 + 4
∫
d2l
(2π)2
l0(l0 + e1)[(l1 + p2)
2 + 1] + l0(l0 + e2)[(l1 + p1)
2 + 1]
(l2 + 1)[(l + p1)2 + 1][(l + p2)2 + 1]
+
+
128(p21 + 1)(p
2
2 + 1)
(p1 + p2)2 + 4
∫
d2l
(2π)2
l0(l0 − e1)[(l1 + p2)2 + 1] + l0(l0 + e2)[(l1 − p1)2 + 1]
(l2 + 1)[(l − p1)2 + 1][(l + p2)2 + 1]
(8.6)
which is divergent.
Bubbles The bubble diagrams of Figure 5 are evaluated similarly to the forward case.
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Figure 9: Bubble diagrams in the opposite helicity process and for backward kinematics.
From the first we obtain
←−−
Bubgg
∗
1 = 32(p
2
1 + 1)(p
2
2 + 1) [I[4, 4; s] + I[4, 4;u]] (8.7)
From the second
←−−
Bubgg
∗
2 = 32(p
2
1 + 1)(p
2
2 + 1)
[
1
(p1 − p2)2 + 4
∫
d2l
(2π)2
l20 − l0(e1 − e2) + (e1 − e2)2 − (t↔ s)
(l2 + 4)2[(l + p2 − p1)2 + 4]
+
1
(p1 + p2)2 + 4
∫
d2l
(2π)2
l20 + l0(e2 − e1) + e1e2 + e21 + e22 − (t↔ s)
[(l − p1)2 + 4][(l + p2)2 + 4]
]
(8.8)
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The third evaluates
←−−
Bubgg
∗
3 = 4(p
2
1 + 1)(p
2
2 + 1)
[
〈φ(p1 + p2)φ(−p1 − p2)〉(1) + 〈φ(p1 − p2)φ(−p1 + p2)〉(1)
]
(8.9)
This contribution is again UV finite and can be straightforwardly obtained from the compu-
tations of the last two sections.
In the backward kinematic configuration we can ascertain that the fourth and fifth bubble
topologies and the tadpole ones vanish. This descends from the fact that these diagrams are
all proportional to the tree-level amplitude and the latter vanishes for backward scattering,
as verified in Section 4.
8.2 Expression in terms of bubble integrals
After tensor reduction the result in terms of bubbles is summarized in Tables 7 and 8 in
Appendix B. Remarkably the coefficients of all bubble integrals vanish apart from those with
an external momentum flowing in the loop, yielding
←−A (1)gg∗(θ1, θ2)
∣∣∣
pi
=
π
2
cosh 2θ1 cosh 2θ2 (cosh 4θ1 + cosh 4θ2 + 2)
cosh2 (θ1 − θ2)
(8.10)
Also, divergences and contributions proportional to log 2 cancel out. Terms of lower tran-
scendentality do so as well, provided the RSTW reduction is employed.
9. External legs corrections
External legs receive quantum corrections which must be taken into account. This is carried
out via the LSZ formula. It entails considering the quantum corrections to the two-point
function of the external particles, the gauge excitations in this case. After re-summing the
1PI contributions to the all-loop propagator via a geometric series, one has to consider the
residue Z at the physical, quantum corrected pole. This procedure is scheme dependent, as
divergent bubble integrals with powers of loop momentum in the numerator show up. In this
section we review and revisit the computation of the two-point function of gauge excitations
[43] using the different schemes proposed in Section 5.2. The diagrams contributing to the
one-loop correction of the two-point function evaluate
〈x(p)x∗(−p)〉(1) = 32 p
2
1 + 1
(p2 + 2)2
[∫
d2l
(2π)2
l21 + 1
(l2 + 2)((l + p)2 + 4)
− 1
2
∫
d2l
(2π)2
1
l2 + 4
+
+
∫
d2l
(2π)2
(l0 + p0)l0
(l2 + 1)((l + p)2 + 1)
−
∫
d2l
(2π)2
l21 + 1
l2 + 1
]
(9.1)
Tensor reduction can be performed with different methods differing for scheme dependent
terms. We focus on the scheme independent part first. This reads
〈x(p)x∗(−p)〉(1) = p
2 + 1
(p2 + 2)2
[
− 8
(
p4 + 8p2 + 4
) (
p2 − 2p2)
p4
I[2, 4; p]+
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− 8
(
p4 + 4p2 + 4p2 + 8
)
p2
I[1, 1; p] +
8
(
p2 + 2
) (
p2 − 2p2)
p4
log 2
]
=
=
2
(p2 + 2)2
F (1)(p) (9.2)
and coincides with the reduction performed with the RSTW scheme, which effectively removes
all terms of lower transcendentality. For completeness we also give the result in dimensional
regularization, which features an extra term of lower transcendentality 20pi +
16
pi p2
inside the
brackets. The result (9.2) is re-summed as a geometric series giving the corrected two-point
function
〈x(p)x∗(−p)〉 = 1
2g
2
p2 + 2− 12g F (1)(p)
+O(g−2) (9.3)
The one-loop corrected dispersion relation can then be read off imposing that the denominator
vanishes. Perturbatively, this can be achieved expanding F (1)(p) close to the mass shell where
we have
F (1)(p) =
1
2
(
p2 + 1
)2
+
1
8π
[
−4 (p2 + 2) (p2 + 1)2 + π (p2 + 2) (p2 − 5) (p2 + 1)+
−4 (p2 + 2) (p2 + 1)2 log 2]+O ((p2 + 2)2) (9.4)
In dimensional regularization an extra piece 6pi appears, affecting the order 0 term. To perform
such an expansion we have used
I[2, 4;−2] = 1
4π
(
π
8
+
π − 4
32
(p2 + 2)
)
+O ((p2 + 2)2)
I[1, 1;−2] = 1
4π
(
π
2
− 1
2
(p2 + 2)
)
+O ((p2 + 2)2) (9.5)
Using the result above, the one-loop dispersion relation reads
e(p) =
√
−p2 − 2 + (p
2 + 1)2
8g
√
−p2 − 2 +O(g
−2) (9.6)
The residue at this pole can be extracted and gives
Z(p) = 1 +
p2 + 1
16πg
[
π(p2 − 5)− 4(1 + log 2)(p2 + 1)]+O(g−2) (9.7)
This expression holds for all the regularization schemes we have considered in the paper. A
term of lower transcendentality explicitly appears in it.
The wave function renormalization Z is pivotal for the corrections to the external legs to
be included via the LSZ formalism. According to it we add to the amplitude computed by
summing the Feynman diagrams of the last sections the tree-level amplitude multiplied by a
factor
√
Z for each external leg. For the same helicity amplitude, from (4.2), this gives
S(1)gg (θ1, θ2)
∣∣∣
LSZ
= −cosh
2 θ1−θ2
2 (cosh 4θ1 + cosh 4θ2 + 2)
8π (tanh 2θ1 − tanh 2θ2) log 2+
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− cosh
2 θ1−θ2
2 (cosh 4θ1 + cosh 4θ2 + 2)
8π (tanh 2θ1 − tanh 2θ2) +
+
cosh 2θ1 cosh 2θ2 cosh
2 θ1−θ2
2
16 sinh 2 (θ1 − θ2)
[
cosh2 2θ1 + cosh
2 2θ2 − 6 (cosh 2θ1 + cosh 2θ2)
]
(9.8)
For the opposite helicity and forward kinematic, from (4.4), we obtain
S
(1)
gg∗(θ1, θ2)
∣∣∣
LSZ
= −sinh
2 θ1−θ2
2 (cosh 4θ1 + cosh 4θ2 + 2)
8π (tanh 2θ1 − tanh 2θ2) log 2+
− sinh
2 θ1−θ2
2 (cosh 4θ1 + cosh 4θ2 + 2)
8π (tanh 2θ1 − tanh 2θ2) +
+
cosh 2θ1 cosh 2θ2 sinh
2 θ1−θ2
2
16 sinh 2 (θ1 − θ2)
[
cosh2 2θ1 + cosh
2 2θ2 − 6 (cosh 2θ1 + cosh 2θ2)
]
(9.9)
whereas in the backward case this contribution vanishes as the tree-level amplitude does so.
10. Corrections to the gluon dispersion relation
When expressing the scattering factors as a function of the rapidities one has to take into
account that the tree-level results were originally expressed in terms of energies and spatial
momenta of the scattering particles and that the energy, as a function of momentum receives
quantum corrections as well. Therefore we have to add to the result from the previous sections
the contribution from plugging the quantum dispersion relations in the tree-level diagrams.
This substitution has to be performed on the Jacobian factor (3.7) as well in order to capture
all the terms contributing to order g−2.
For scattering of gluons of the same helicity this correction factor reads
S(1)gg (θ1, θ2)
∣∣∣
disp
= − cosh 2θ1 cosh 2θ2
32 sinh 2 (θ1 − θ2)
[
4 cosh (θ1 − θ2) cosh2 (θ1 + θ2)+
− 6 (cosh (θ1 − θ2) + 1) (cosh 2θ1 + cosh 2θ2) + 4 (cosh (θ1 − θ2) + 1) (1− cosh 2 (θ1 + θ2))+
+
1
2
(
cosh2 2θ1 + cosh
2 2θ2
)(cosh θ2
cosh θ1
+
cosh θ1
cosh θ2
)
+
− (cosh 2θ1 + cosh 2θ2) (cosh 2θ1 − cosh 2θ2)
2
4 cosh θ1 cosh θ2
+
cosh 2θ1 cosh 2θ2 (1− cosh (θ1 + θ2))
cosh θ1 cosh θ2 cosh (θ1 − θ2)
]
(10.1)
For opposite helicity and forward kinematics we find
S
(1)
gg∗(θ1, θ2)
∣∣∣
disp
= − cosh 2θ1 cosh 2θ2
32 sinh 2 (θ1 − θ2)
[
4 cosh (θ1 − θ2) cosh2 (θ1 + θ2)+
+ cosh (θ1 − θ2)
(
cosh2 2θ1 + cosh
2 2θ2
)
+ 6 (1− cosh (θ1 − θ2)) (cosh 2θ1 + cosh 2θ2)+
− 4 (1− cosh (θ1 − θ2)) (1− cosh 2 (θ1 + θ2))− cosh 2θ1 cosh 2θ2 (cosh (θ1 + θ2) + 1)
cosh θ1 cosh θ2 cosh (θ1 − θ2) +
– 27 –
− sinh (θ1 − θ2)
cosh θ1 cosh θ2
(
sinh θ1 cosh
2 2θ1 cosh θ2 − sinh θ2 cosh θ1 cosh2 2θ2
) ]
(10.2)
Finally, for backward kinematics we obtain
←−
S
(1)
gg∗(θ1, θ2)
∣∣∣
disp
= −cosh 2θ1 cosh 2θ2 (cosh 4θ1 + cosh 4θ2 + 2)
64 sinh (θ1 − θ2) cosh2 (θ1 − θ2)
(10.3)
In this last expression there is no contribution from the Jacobian, as it multiplies a vanishing
tree-level factor. However, while the diagrams for this amplitude cancel each other after
imposing the relativistic on-shell conditions on the energies, they no longer do so when the
corrected dispersion relations are used. This explains the emergence of the factor (10.3).
11. Final results
We finally combine all partial results derived in the previous sections to obtain the full gluon-
gluon scattering factors at next-to-leading order. We express them as a function of the
hyperbolic rapidities θi. We first focus on the scheme independent part of maximal transcen-
dentality and then analyse the scheme dependent piece.
Same helicity For gauge excitations of the same helicity we sum all contributions
S(1)gg (θ1, θ2) =
1
32π sinh (θ1 − θ2)
(
A(1)gg
∣∣∣
log
+A(1)gg
∣∣∣
pi
+A(1)gg
∣∣∣
log 2
+A(1)gg
∣∣∣
algebraic
)
+
+ S(1)gg (θ1, θ2)
∣∣∣
LSZ
+ S(1)gg (θ1, θ2)
∣∣∣
disp
(11.1)
and the final one-loop amplitude reads (for the scheme independent part)
S(1)gg (θ1, θ2) = i
(cosh (θ1 − θ2) + 1)2
8 (tanh 2θ1 − tanh 2θ2)2
+
(cosh (θ1 − θ2) + 1)
8π (tanh 2θ1 − tanh 2θ2) 3 log 2+
− cosh 2θ1 cosh 2θ2
32 sinh 2 (θ1 − θ2)
[
cosh (θ1 − θ2)
(
cosh2 2θ1 + cosh
2 2θ2
)
+
+
cosh 2θ1 cosh 2θ2 (1− cosh (θ1 + θ2))
cosh θ1 cosh θ2 cosh (θ1 − θ2) +
− sinh (θ1 − θ2)
cosh θ1 cosh θ2
(
sinh θ1 cosh
2 2θ1 cosh θ2 − sinh θ2 cosh θ1 cosh2 2θ2
) ]
(11.2)
The result is in complete agreement with the integrability prediction (2.3). As concerns
scheme dependent terms, we remark that in the RSTW reduction these terms cancel out.
Namely, the contribution A(1)gg
∣∣∣
algebraic
(6.22) cancels exactly against the lower transcenden-
tality piece of the LSZ correction S
(1)
gg
∣∣∣
LSZ
(9.8). In other words the scheme of [51] is capable
of reproducing the integrability result exactly.
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Opposite helicity forward For gauge excitations of the opposite helicity and forward
kinematics we combine all contributions
S
(1)
gg∗(θ1, θ2) =
1
32π sinh (θ1 − θ2)
(
A(1)gg∗
∣∣∣
log
+A(1)gg∗
∣∣∣
pi
+A(1)gg∗
∣∣∣
log 2
+A(1)gg∗
∣∣∣
algebraic
)
+
+ S
(1)
gg∗(θ1, θ2)
∣∣∣
LSZ
+ S
(1)
gg∗(θ1, θ2)
∣∣∣
disp
(11.3)
and obtain for the scheme independent part
S
(1)
gg∗(θ1, θ2) = i
(cosh (θ1 − θ2)− 1)2
8 (tanh 2θ1 − tanh 2θ2)2
+
(cosh (θ1 − θ2)− 1)
8π (tanh 2θ1 − tanh 2θ2) 3 log 2+
− cosh 2θ1 cosh 2θ2
32 sinh 2 (θ1 − θ2)
[
cosh (θ1 − θ2)
(
cosh2 2θ1 + cosh
2 2θ2
)
+
− cosh 2θ1 cosh 2θ2 (1 + cosh (θ1 + θ2))
cosh θ1 cosh θ2 cosh (θ1 − θ2) +
− sinh (θ1 − θ2)
cosh θ1 cosh θ2
(
sinh θ1 cosh
2 2θ1 cosh θ2 − sinh θ2 cosh θ1 cosh2 2θ2
) ]
(11.4)
which completely agrees with (2.8). As before, the RSTW scheme produces a precise cancel-
lation of lower transcendentality terms agreeing with the integrability result. In particular
the contribution A(1)gg∗
∣∣∣
algebraic
(7.5) cancels the algebraic part of the LSZ correction S
(1)
gg∗
∣∣∣
LSZ
(9.9).
Opposite helicity backward For gauge excitations of the opposite helicity and backward
kinematics we observe that the term proportional to π surviving the Feynman diagrams (8.10)
is exactly cancelled against the opposite contribution (10.3) coming from the corrections to
the tree-level amplitude induced by the dispersion relation of the gluons
←−
S
(1)
gg∗ =
1
32π sinh (θ1 − θ2)
←−A (1)gg∗
∣∣∣
pi
+
←−
S
(1)
gg∗(θ1, θ2)
∣∣∣
disp
= 0 (11.5)
Therefore we conclude that this amplitude vanishes, in agreement with the integrability pre-
diction.
12. Conclusions
In this paper we have computed the scattering factors for the gauge excitations on top of
the GKP vacuum at one-loop order in the strong coupling expansion. The latter theory
is conjectured to be integrable, which allows to compute S-matrix elements exactly from
the ABA equations. This can be expanded at strong coupling and the leading [31] and
next-to-leading [32] order terms have been recently worked out within this approach. We
have reproduced the gluonic next-to-leading order results from perturbation theory in the
worldsheet Lagrangian of the GKP fluctuations. We have used a standard computation in
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terms of Feynman diagrams. After performing the integral reduction, the results can be
expressed in terms of bubble integrals which can be straightforwardly evaluated. We have
compared the final expressions with the prediction based on integrability and have found
perfect agreement. This holds true for the scheme independent part of the amplitude. For
the scheme dependent terms we have found that a recently proposed framework for reduction
of tensor integrals [51] exactly reproduces the integrability result.
The scattering factors of GKP string excitations are crucial ingredients in the OPE
program for scattering amplitudes of N = 4 SYM, since they constitute the fundamental
building blocks of pentagon transitions. In particular, the next-to-leading order terms are
pivotal for pushing the computation of scattering amplitudes to one loop at strong coupling.
In this paper we have given the results provided by integrability for the gluon S-matrix the
solid backup of a perturbative field-theoretical computation.
Scattering factors involving other GKP excitations are also important in the OPE pro-
gram. It would be interesting to investigate whether these could also be studied pertur-
batively. From previous experience and literature, it should be feasible (though probably
requiring some more effort than the present paper) to determine the one-loop corrections to
the gluon-fermion, gluon-meson, meson-meson and meson-fermion amplitudes.
The computational power for loop scattering amplitudes in field theory has been boosted
by the advent of unitarity based techniques. This framework has been developed extensively in
the realm of four-dimensional models, but has also been recently extended to two-dimensional
models [50, 49, 57]. It would be interesting to re-derive and extend the results of this paper
via unitarity.
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A. ABA results
In this appendix we collect the results from the ABA description derived in [32], which are
relevant for the expansion of the one-loop scattering factors of GKP gluons. The computation
is carried out in the strong perturbative regime, where Bethe rapidities have been rescaled
as u = 2g u¯. We drop the bar to avoid clutter, but stress that the following rapidities are
understood as the rescaled ones. In order to compare the scattering factors with a direct
computation from the worldsheet Lagrangian, we express the formulae above in terms of the
spatial momentum of the incoming particles, or equivalently in terms of hyperbolic rapidities
(with the identification pi =
√
2 sinh θi) This entails the quantum relation between Bethe
rapidity and particle momentum for gluons, which was spelled out in [12]
u(p) =
p
√
p2 + 2
p2 + 1
+
1
4π g
p
√
p2 + 2
p2 + 1
(
π
2
p2 + 1
p2 + 2
− 3 log 2
)
+O(g−2) (A.1)
In terms of hyperbolic rapidities it reads
u(θ) = tanh 2θ +
1
8π g
(π tanh θ − 6 log 2 tanh 2θ) +O(g−2) (A.2)
Following [32] the S-matrix reads
Sgg(u1, u2) = s(u1, u2)Sgg∗(u1, u2) =
= s(u1, u2) exp
(
−2if (1)gg (u1, u2) + 2if (2)gg (u1, u2)
)
(A.3)
with
s(u1, u2) =
u1 − u2 + i
u1 − u2 − i (A.4)
and
f (α)gg (u1, u2) =
1
16g
{
A(α)gg (u1, u2) +
1
4g
[
B(α)gg (u1, u2) +
3 ln 2
2π
C(α)gg (u1, u2)
]
+O(g−2)
}
(A.5)
The distributions entering the expressions for the quantities A, B and C, which were derived
in [32], require regularization, which is done by taking the principal value P . The relevant
functions for the order g−1 calculation read
A(1)gg (u1, u2) =
2P
u1 − u2 + 2πiδ(u1 + u2)
− P
u1 − u2
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
+
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4]
− P
u1 + u2
[(
1− u1
1 + u1
)1/4(1− u2
1 + u2
)1/4
+
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
(A.6)
A(3)gg (u1, u2) = −
2iP
u1 + u2
− 2πδ(u1 + u2)
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+
P
u1 − u2
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
−
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4]
− P
u1 + u2
[(
1− u1
1 + u1
)1/4(1− u2
1 + u2
)1/4
−
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
(A.7)
A(4)gg (u1, u2) = −
2iP
u1 + u2
− 2πδ(u1 + u2)
− P
u1 − u2
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
−
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4]
− P
u1 + u2
[(
1− u1
1 + u1
)1/4(1− u2
1 + u2
)1/4
−
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
(A.8)
For the order g−2 the contributing functions are
B(1)gg (u1, u2) =
P
[(u1 − u2)2]+
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
−
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4]
+
P
[(u1 + u2)2]+
[(
1− u1
1 + u1
)1/4 (1− u2
1 + u2
)1/4
−
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4
+ 2i
]
+
2− u21 − u22
4(1− u21)(1− u22)
P
u1 − u2
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
+
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4]
+
2− u21 − u22
4(1− u21)(1− u22)
P
u1 + u2
[(
1− u1
1 + u1
)1/4(1− u2
1 + u2
)1/4
+
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
− 2πδ′(u1 + u2) (A.9)
B(3)gg (u1, u2) = −
P
[(u1 − u2)2]+
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
+
(
1 + u1
1− u1
)1/4 (1− u2
1 + u2
)1/4
− 2
]
+
P
[(u1 + u2)2]+
[(
1− u1
1 + u1
)1/4 (1− u2
1 + u2
)1/4
+
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
− 2− u
2
1 − u22
4(1− u21)(1− u22)
P
u1 − u2
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
−
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4]
+
2− u21 − u22
4(1− u21)(1− u22)
P
u1 + u2
[(
1− u1
1 + u1
)1/4(1− u2
1 + u2
)1/4
−
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
− 2πi δ′(u1 + u2) (A.10)
B(4)gg (u1, u2) =
P
[(u1 − u2)2]+
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
+
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4
− 2
]
+
P
[(u1 + u2)2]+
[(
1− u1
1 + u1
)1/4 (1− u2
1 + u2
)1/4
+
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
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+
2− u21 − u22
4(1− u21)(1− u22)
P
u1 − u2
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
−
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4]
+
2− u21 − u22
4(1− u21)(1− u22)
P
u1 + u2
[(
1− u1
1 + u1
)1/4(1− u2
1 + u2
)1/4
−
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
+ 2πi δ′(u1 + u2) (A.11)
and
C(1)gg (u1, u2) =
1 + u1u2
(1 − u21)(1− u22)
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
−
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4]
+
1− u1u2
(1− u21)(1− u22)
[(
1− u1
1 + u1
)1/4(1− u2
1 + u2
)1/4
−
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
(A.12)
C(3)gg (u1, u2) = −
1 + u1u2
(1− u21)(1− u22)
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
+
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4]
+
1− u1u2
(1− u21)(1− u22)
[(
1− u1
1 + u1
)1/4(1− u2
1 + u2
)1/4
+
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
(A.13)
C(4)gg (u1, u2) =
1 + u1u2
(1 − u21)(1− u22)
[(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
+
(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4]
+
1− u1u2
(1− u21)(1− u22)
[(
1− u1
1 + u1
)1/4(1− u2
1 + u2
)1/4
+
(
1 + u1
1− u1
)1/4(1 + u2
1− u2
)1/4]
(A.14)
We then arrive at the following predictions for scattering of gluons of same and opposite
helicity at strong coupling
Sgg(u1, u2) = 1+
+
i
4g (u1 − u2)
[(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4
+
(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
+ 2
]
+
+
1
g2

− 132 (u1 − u2)2
[(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4
+
(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
+ 2
]2
+
+
i
(
1
u21−1
+ 1
u22−1
)
64 (u1 − u2)
[(
1 + u1
1− u1
)1/4 (1− u2
1 + u2
)1/4
+
(
1− u1
1 + u1
)1/4 (1 + u2
1− u2
)1/4]
+
+
i
16
[(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4
−
(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4] 3 (1 + u1u2) log 2
2π
(
u21 − 1
) (
u22 − 1
)+
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+
i
16 (u1 − u2)2
[(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4
−
(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4]}
+O(g−3)
(A.15)
Sgg∗(u1, u2) = 1+
+
i
4g (u1 − u2)
[(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4
+
(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
− 2
]
+
+
1
g2

− 132 (u1 − u2)2
[(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4
+
(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4
− 2
]2
+
+
i
(
1
u21−1
+ 1
u22−1
)
64 (u1 − u2)
[(
1 + u1
1− u1
)1/4 (1− u2
1 + u2
)1/4
+
(
1− u1
1 + u1
)1/4 (1 + u2
1− u2
)1/4]
+
+
i
16
[(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4
−
(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4] 3 (1 + u1u2) log 2
2π
(
u21 − 1
) (
u22 − 1
)+
+
i
16 (u1 − u2)2
[(
1 + u1
1− u1
)1/4(1− u2
1 + u2
)1/4
−
(
1− u1
1 + u1
)1/4(1 + u2
1− u2
)1/4]}
+O(g−3)
(A.16)
Plugging the expression (A.2) for the Bethe rapidities in (A.15) and (A.16) we recover the
results reported in section 2.
B. Details on the one-loop computation
In this appendix we collect several technical details on the one-loop computation that we did
not include in the main text. In particular we provide a series of tables with the results of the
integral and tensor reduction of the single Feynman diagrams. As usual when dealing with
Feynman diagrams the simplicity of the final result is not transparent in the intermediate
steps, which, in turn, look quite involved. For the opposite helicity scattering in forward
kinematics we also provide the list of all the Feynman diagrams which is very similar to the
same helicity case and therefore was not considered in the main text.
B.1 Tensor reduction for same helicity scattering
We start collecting the results of tensor reduction for integrals emerging in the same helicity
scattering. Table 1 summarizes tensor reduction for integrals with momentum invariant u.
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I[2, 2;u] I[4, 4;u] I[1, 1;u]
Boxggb
cosh 2θ1 cosh 2θ2(cosh 2(θ1−θ2)+3)
cosh2(θ1−θ2) 8 (cosh (θ1 + θ2)− 2)
2 0
Boxggf 0 0 −8
cosh2
θ1+θ2
2
cosh(θ1−θ2) (2 cosh (θ1 − θ2) + cosh (θ1 + θ2)− 1)
Trigg1 0 32 (cosh (θ1 + θ2)− 2) 0
Trigg2 0 −8 (−4 cosh (θ1 + θ2) + cosh 2 (θ1 + θ2) + 1) 0
Trigg3
8 sinh2
θ1−θ2
2
cosh 2θ1 cosh 2θ2
cosh2(θ1−θ2) 0
Trigg4 0 0 16
cosh2
θ1+θ2
2
cosh(θ1−θ2) (2 cosh (θ1 − θ2) + cosh (θ1 + θ2)− 1)
Bubgg1 0 32 0
Bubgg2 0 −32 cosh (θ1 + θ2) 0
Bubgg3
4 cosh 2θ1 cosh 2θ2
cosh2(θ1−θ2) 8 cosh
2 (θ1 + θ2) −8 cosh
2 θ1+θ2
2
cosh(θ1−θ2) (2 cosh (θ1 − θ2) + cosh (θ1 + θ2)− 1)
total
8 cosh 2θ1 cosh 2θ2 cosh
4 θ1−θ2
2
cosh2(θ1−θ2) 0 0
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I[2, 4;−2] I[1, 1;−2]
Boxggb
[
(2 cosh 4θ1 + 3cosh (θ1 − 5θ2) + 8 cosh (2θ1 − 2θ2)+
+ 4 cosh (θ1 − θ2) + 3 cosh (5θ1 − θ2) + 2 cosh 4θ2+
+ 7cosh (3θ1 + θ2) + 7 cosh (θ1 + 3θ2) + 12
]
sech2 (θ1 − θ2)
0
Boxggf 0 −4 (cosh 2 (θ1 + θ2) + cosh (3θ1 + θ2) + cosh (θ1 + 3θ2) + 3)
Trigg2
2
[
3 cosh (θ1 − 5θ2)− 4 cosh (θ1 − θ2)+
+ 3 cosh (5θ1 − θ2) + 4 cosh 2 (θ1 + θ2) + 7 cosh (3θ1 + θ2)+
+ 7 cosh (θ1 + 3θ2)− 4
]
sech (θ1 − θ2)
0
Trigg3
− 6 cosh 4θ1 − 2
[
8 cosh 2θ2 + 3cosh 4θ2 + 2 (8 cosh (θ1 + θ2)+
+ 4 cosh 2 (θ1 + θ2) + sech
2 (θ1 − θ2)
(−2 sinh2 (θ1 + θ2)
+2 cosh 2θ1 + cosh (4θ1 − 2θ2) + cosh 2θ2) + 5)
] 0
Trigg4 0
− 2
[
cosh 4θ1 − 4 cosh 2θ2 + cosh 4θ2+
− 8 cosh (θ1 + θ2) + 4 cosh (3θ1 + θ2)+
− 4 cosh 2θ1 (cosh 2θ1sech (θ1 − θ2) + 1)− 10
]
Bubgg4 32 (cosh 2θ1 + cosh 2θ2 + 2cosh (θ1 + θ2)) 0
Bubgg5 0 −12 (cosh 2θ1 + cosh 2θ2 + 2cosh (θ1 + θ2))
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I[2, 2, 0] I[4, 4, 0] I[1, 1, 0]
Boxggb −4 (cosh (3θ1 + θ2) + cosh (θ1 + 3θ2)) −16 (cosh 2θ1 + cosh 2θ2 − 2) 0
Boxggf 0 0
4
[
sinh θ1 sinh 3θ2 − cosh 2θ2+
+ cosh θ1 (cosh 3θ2 − 2 cosh θ1) + cosh
2 2θ1
cosh (θ1 − θ2)
]
Trigg1 0 16 (cosh 2θ1 + cosh 2θ2 − 4) 0
Trigg2 0 −4 (cosh 4θ1 + cosh 4θ2 + 2) 0
Trigg3 0 0 0
Trigg4 0 0 2 (2 cosh 2θ1 + cosh 4θ1 + 2cosh 2θ2 + cosh 4θ2 + 6)
Bubgg1 0 32 0
Bubgg2 0 0 0
Bubgg3 2 4 −6
total −2 (2 cosh (3θ1 + θ2) + 2 cosh (θ1 + 3θ2)− 1) −4 (cosh 4θ1 + cosh 4θ2 + 1)
[
2 cosh 4θ1 + cosh (θ1 − 5θ2) + 2 cosh (θ1 − θ2)+
+ cosh (5θ1 − θ2) + 2 cosh 4θ2 + 2cosh 2 (θ1 + θ2)+
+ cosh (3θ1 + θ2) + cosh (θ1 + 3θ2) + 2
]
sech (θ1 − θ2)
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forwardly derived from the same helicity case, using crossing relations. Hence its description
was cut short in Section 7. For completeness, we report here the list of all relevant diagrams
for scattering of two gluons with opposite helicity and forward kinematics. We group them
according to their topology.
Boxes The box diagrams are depicted in Figure 10. Again four contractions are possible in
x(p1)
x
∗(p2)x∗(p2)
x(p1) x(p1)
x
∗(p2)x(p1)
x
∗(p2)x(p1)
x
∗(p2)
x(p1)
x
∗(p2)
x(p1) x
∗(p2)
x(p1)
x
∗(p2)
x(p1)
x
∗(p2)
x(p1) x
∗(p2)
Figure 10: Box diagrams in the opposite helicity process and for forward kinematics.
the bosonic case which read
−−→
Boxgg
∗
b = 64(p
2
1 + 1)(p
2
2 + 1)
{∫
d2l
(2π)2
[(l1 − p1)2 + 1][(l1 + p2)2 + 1]
(l2 + 4)2[(l − p1)2 + 2][(l + p2)2 + 2]+
+
[(l1 + p1)
2 + 1][(l1 + p2)
2 + 1]
(l2 + 4)2[(l + p1)2 + 2][(l + p2)2 + 2]
+
+
(l21 + 1)[(l1 − p1 + p2)2 + 1]
(l2 + 2)[(l − p1)2 + 4][(l − p1 + p2)2 + 2][(l + p2)2 + 4]+
+
(l21 + 1)
2
(l2 + 2)2[(l − p1)2 + 4][(l + p2)2 + 4]
}
(B.1)
The first two diagrams are the same as in the same helicity case. The last two are obtained
from the analogous for same helicity scattering by sending, e.g., p1 → −p1. The fermionic
box algebra gives
−−→
Boxgg
∗
f = −64(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
l20(l0 − e1)(l0 + e2)
[l2 + 1]2[(l − p1)2 + 1][(l + p2)2 + 1] (B.2)
and is again obtained from the same helicity fermion box by p1 → −p1. As before, box
diagrams are finite by power counting.
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Figure 11: Triangle diagrams in the opposite helicity process and for forward kinematics.
Triangles Triangle diagrams are shown in Figure 11 in a particular configuration. There
is an additional permutation, reflecting the diagrams of the first line along a vertical axis and
those of the second line along a horizontal one. For the former this amounts to a factor of 2,
for the latter to a p1 ↔ p2 exchange. The results for the triangle diagrams follow. The first
bosonic triangle reads
−→
Trigg
∗
1 = −128(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
(l21 + 1)
(l2 + 2)[(l − p1)2 + 4][(l + p2)2 + 4]+
− 64(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
(l21 + 1)
(l2 + 2)[(l + p1)2 + 4]2
+
− 64(p21 + 1)(p22 + 1)
∫
d2l
(2π)2
(l21 + 1)
(l2 + 2)[(l + p2)2 + 4]2
(B.3)
and is finite. The second triangle evaluates
−→
Trigg
∗
2 = −
64(p21 + 1)(p
2
2 + 1)
(p1 + p2)2 + 4
∫
d2l
(2π)2
(l21 + 1)[l
2
0 + l0(e2 − e1) + e21 + e22 + e1e2 − (t↔ s)]
(l2 + 2)[(l − p1)2 + 4][(l + p2)2 + 4] +
− 32(p
2
1 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
(l21 + 1)[(l0 + e1)
2 − (l1 + p1)2]
(l2 + 2)[(l + p1)2 + 4]2
+
− 32(p
2
1 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
(l21 + 1)[(l0 + e2)
2 − (l1 + p2)2]
(l2 + 2)[(l + p2)2 + 4]2
(B.4)
and the integrals with four powers of loop momentum are UV divergent. The last bosonic
topology gives
−→
Trigg
∗
3 =
128(p21 + 1)(p
2
2 + 1)
(p1 + p2)2 + 4
∫
d2l
(2π)2
[(l1 − p1)2 + 1][(l1 + p2)2 + 1]
(l2 + 4)[(l − p1)2 + 2][(l + p2)2 + 2]+
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+
64(p21 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
[(l1 + p1)
2 + 1]2
(l2 + 4)[(l + p1)2 + 2]2
+
+
64(p21 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
[(l1 + p2)
2 + 1]
(l2 + 4)[(l + p2)2 + 2]2
(B.5)
and is again divergent. Finally there is a fermion loop diagram
−→
Trigg
∗
4 =
128(p21 + 1)(p
2
2 + 1)
(p1 + p2)2 + 4
∫
d2l
(2π)2
l0(l0 − e1)[(l1 + p2)2 + 1] + l0(l0 + e2)[(l1 − p1)2 + 1]
(l2 + 1)[(l − p1)2 + 1][(l + p2)2 + 1] +
+
128(p21 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
l0(l0 + e1)[(l1 + p1)
2 + 1]
(l2 + 1)[(l + p1)2 + 1]2
+
+
128(p21 + 1)(p
2
2 + 1)
4
∫
d2l
(2π)2
l0(l0 + e2)[(l1 + p2)
2 + 1]
(l2 + 1)[(l + p2)2 + 1]2
(B.6)
which is divergent.
Bubbles Bubble diagrams are shown in Figure 12. Again there are obvious permutations
(affecting all diagrams but the first and the third) which have to be performed to include all
combinations. In particular, the second topology acquires an additional factor 2 (in each
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Figure 12: Bubble diagrams in the opposite helicity process and for forward kinematics.
of the channels), whereas the last two topologies have to be multiplied by 4, stemming for
the four possible external legs where the bubble is inserted. These factors have already been
included in the results which follow. The first bubble diagram yields
−−→
Bubgg
∗
1 = 32(p
2
1 + 1)(p
2
2 + 1) [I[4, 4; 0] + I[4, 4; s]] (B.7)
and is finite. The second bubble evaluates
−−→
Bubgg
∗
2 = 32(p
2
1 + 1)(p
2
2 + 1)
[
1
4
∫
d2l
(2π)2
l20 − l21
(l2 + 4)2
+
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+
1
(p1 + p2)2 + 4
∫
d2l
(2π)2
l20 + l0(e1 + e2) + (e1 + e2)
2 − (t↔ s)
(l2 + 4)2[(l + p1 + p2)2 + 4]
]
(B.8)
and as before it would be UV divergent by power counting, were it not for a cancellation of
divergences thanks to t, s antisymmetry. This also forces the first integral to vanish, leaving
−−→
Bubgg
∗
2 =
32(p21 + 1)(p
2
2 + 1)
(p1 + p2)2 + 4
∫
d2l
(2π)2
l20 + l0(e2 − e1) + e1e2 + e21 + e22 − (t↔ s)
[(l − p1)2 + 4][(l + p2)2 + 4] (B.9)
The third bubble is constructed from the one-loop correction to the meson propagator
−−→
Bubgg
∗
3 = 4(p
2
1 + 1)(p
2
2 + 1)
[
〈φ(0)φ(0)〉(1) + 〈φ(p1 + p2)φ(−p1 − p2)〉(1)
]
(B.10)
The same steps as above can be carried out to evaluate this contribution explicitly from the
two-point function of [43]. The last two bubbles give
−−→
Bubgg
∗
4 = −128(p21 + 1)(p22 + 1)
[
1
(p1 + p2)2 + 4
+
1
4
] [ ∫
d2l
(2π)2
l21 + 1
(l2 + 2)[(l + p1)2 + 4]
+
+
∫
d2l
(2π)2
l21 + 1
(l2 + 2)[(l + p2)2 + 4]
]
(B.11)
and
−−→
Bubgg
∗
5 = −96(p21 + 1)(p22 + 1)
[
1
(p1 + p2)2 + 4
+
1
4
] [ ∫
d2l
(2π)2
l0(l0 + e1)
(l2 + 1)[(l + p1)2 + 1]
+
+
∫
d2l
(2π)2
l0(l0 + e2)
(l2 + 1)[(l + p2)2 + 1]
]
(B.12)
respectively.
Tadpoles The tadpole diagrams for the opposite helicity case are shown in Figure 13 up
to permutations. The first topology features a meson tadpole
x(p1) x(p1) x(p1) x(p1)x(p1) x(p2)x(p1) x(p1)
x
∗(p2)x∗(p2) x∗(p2) x∗(p2) x∗(p2) x∗(p2) x∗(p2) x∗(p2)
Figure 13: Tadpole diagrams in the opposite helicity process and for forward kinematics.
−−→
Tadgg
∗
1 = 64(p
2
1 + 1)(p
2
2 + 1)
[
1
(p1 + p2)2 + 4
+
1
4
]
I[4] (B.13)
The second graph evaluates
−−→
Tadgg
∗
2 = 64(p
2
1 + 1)(p
2
2 + 1)
[
1
(p1 + p2)2 + 4
+
1
4
]
I[1] (B.14)
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are
collected
in
T
ab
le
4.
I[2, 2; s] I[4, 4; s] I[1, 1; s]
−−→
Boxgg
∗
b
cosh 2θ1 cosh 2θ2(cosh 2(θ1−θ2)+3)
cosh2(θ1−θ2) 8 (cosh (θ1 + θ2) + 2)
2 0
−−→
Boxgg
∗
f 0 0 8 sinh
2 θ1+θ2
2
(
cosh(θ1+θ2)+1
cosh(θ1−θ2) + 2
)
−→
Trigg
∗
1 0 −32 (cosh (θ1 + θ2) + 2) 0
−→
Trigg
∗
2 0 −8 (4 cosh (θ1 + θ2) + cosh 2 (θ1 + θ2) + 1) 0
−→
Trigg
∗
3 −
8 cosh 2θ1 cosh 2θ2 cosh
2 θ1−θ2
2
cosh2(θ1−θ2) 0 0−→
Trigg
∗
4 0 0 −16 sinh2 θ1+θ22
(
cosh(θ1+θ2)+1
cosh(θ1−θ2) + 2
)
−−→
Bubgg
∗
1 0 32 0
−−→
Bubgg
∗
2 0 32 cosh (θ1 + θ2) 0
−−→
Bubgg
∗
3 4
cosh 2θ1 cosh 2θ2
cosh2(θ1−θ2) 8 cosh
2 (θ1 + θ2) 8 sinh
2 θ1+θ2
2
(
cosh(θ1+θ2)+1
cosh(θ1−θ2) + 2
)
total 8 sinh4 θ1−θ22
cosh 2θ1 cosh 2θ2
cosh2(θ1−θ2) 0 0
T
a
b
le
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a
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In
T
ab
le
5
w
e
p
rov
id
e
d
etails
of
th
e
ten
sor
red
u
ction
of
b
u
b
b
les
w
ith
m
om
en
tu
m
in
varian
t
p
2
=
−
2.
I[2, 4;−2] I[1, 1;−2]
−−→
Boxgg
∗
b
[
(2 cosh 4θ1 − 3 cosh (θ1 − 5θ2) + 8 cosh (2θ1 − 2θ2)+
− 4 cosh (θ1 − θ2)− 3 cosh (5θ1 − θ2) + 2 cosh 4θ2+
− 7 cosh (3θ1 + θ2)− 7 cosh (θ1 + 3θ2) + 12
]
sech2 (θ1 − θ2)
0
−−→
Boxgg
∗
f 0 4 (− cosh 2 (θ1 + θ2) + cosh (3θ1 + θ2) + cosh (θ1 + 3θ2)− 3)
−→
Trigg
∗
2
2
[
3 cosh (θ1 − 5θ2)− 4 cosh (θ1 − θ2)+
+ 3 cosh (5θ1 − θ2)− 4 cosh 2 (θ1 + θ2) + 7 cosh (3θ1 + θ2)+
+ 7 cosh (θ1 + 3θ2) + 4
]
sech (θ1 − θ2)
0
−→
Trigg
∗
3
− 2
[
8 cosh 2θ1 + 3cosh 4θ1 + 8cosh 2θ2+
+ 3cosh 4θ2 − 16 cosh (θ1 + θ2)+
+ 8 cosh (2 (θ1 + θ2))− 4 sinh2 (θ1 + θ2) sech2 (θ1 − θ2) + 10
] 0
−→
Trigg
∗
4 0
− 2
[
cosh 4θ1 − 4 cosh 2θ2 + cosh 4θ2+
+ 8cosh (θ1 + θ2)− 4 cosh (3θ1 + θ2)+
+ 4 cosh 2θ1 (cosh 2θ1sech (θ1 − θ2)− 1)− 10
]
−−→
Bubgg
∗
4 32 (cosh 2θ1 + cosh 2θ2 − 2 cosh (θ1 + θ2)) 0
−−→
Bubgg
∗
5 0 −12 (cosh 2θ1 + cosh 2θ2 − 2 cosh (θ1 + θ2))
T
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I[2, 2, 0] I[4, 4, 0] I[1, 1, 0]
−−→
Boxgg
∗
b 4 (cosh (3θ1 + θ2) + cosh (θ1 + 3θ2)) −16 (cosh 2θ1 + cosh 2θ2 − 2) 0
−−→
Boxgg
∗
f 0 0
− 4
[
1 + cosh 2θ1 + cosh 2θ2+
+ cosh (θ1 + 3θ2) +
cosh2 2θ1
cosh (θ1 − θ2)
]
−→
Trigg
∗
1 0 16 (cosh 2θ1 + cosh 2θ2 − 4) 0
−→
Trigg
∗
2 0 −4 (cosh 4θ1 + cosh 4θ2 + 2) 0
−→
Trigg
∗
3 0 0 0
−→
Trigg
∗
4 0 0 2 (2 cosh 2θ1 + cosh 4θ1 + 2cosh 2θ2 + cosh 4θ2 + 6)
−−→
Bubgg
∗
1 0 32 0
−−→
Bubgg
∗
2 0 0 0
−−→
Bubgg
∗
3 2 4 −6
total 2 (2 cosh (3θ1 + θ2) + 2 cosh (θ1 + 3θ2) + 1) −4 (cosh 4θ1 + cosh 4θ2 + 1)
[
− 2 cosh 4θ1 + cosh (θ1 − 5θ2) + 2 cosh (θ1 − θ2)+
+ cosh (5θ1 − θ2)− 2 cosh 4θ2 − 2 cosh 2 (θ1 + θ2)+
+ cosh (3θ1 + θ2) + cosh (θ1 + 3θ2)− 2
]
sech (θ1 − θ2)
T
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T
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7.
F
or
I[2, 2; s] I[4, 4; s] I[1, 1; s]
←−−
Boxgg
∗
b
4 cosh 2θ1 cosh 2θ2
cosh(θ1−θ2) 8 (cosh (θ1 + θ2) + 2)
2 0
←−−
Boxgg
∗
f 0 0 8 sinh
2 θ1+θ2
2
(
cosh(θ1+θ2)+1
cosh(θ1−θ2) + 2
)
←−
Trigg
∗
1 0 −32 (cosh (θ1 + θ2) + 2) 0
←−
Trigg
∗
2 0 −8 (4 cosh (θ1 + θ2) + cosh 2 (θ1 + θ2) + 1) 0
←−
Trigg
∗
3 −
8 cosh 2θ1 cosh 2θ2 cosh
2 θ1−θ2
2
cosh2(θ1−θ2) 0 0←−
Trigg
∗
4 0 0 −16 sinh2 θ1+θ22
(
cosh(θ1+θ2)+1
cosh(θ1−θ2) + 2
)
←−−
Bubgg
∗
1 0 32 0
←−−
Bubgg
∗
2 0 32 cosh (θ1 + θ2) 0
←−−
Bubgg
∗
3 4
cosh 2θ1 cosh 2θ2
cosh2(θ1−θ2) 8 cosh
2 (θ1 + θ2) 8 sinh
2 θ1+θ2
2
(
cosh(θ1+θ2)+1
cosh(θ1−θ2) + 2
)
total 0 0 0
I[2, 2;u] I[4, 4;u] I[1, 1;u]
←−−
Boxgg
∗
b −4 cosh 2θ1 cosh 2θ2cosh(θ1−θ2) 8 (cosh (θ1 + θ2)− 2)
2 0
←−−
Boxgg
∗
f 0 0 −8 cosh2 θ1+θ22
(
2 + cosh(θ1+θ2)−1cosh(θ1−θ2)
)
←−
Trigg
∗
1 0 32 (cosh (θ1 + θ2)− 2) 0
←−
Trigg
∗
2 0 −8 (−4 cosh (θ1 + θ2) + cosh 2 (θ1 + θ2) + 1) 0
←−
Trigg
∗
3
8 sinh2
θ1−θ2
2
cosh 2θ1 cosh 2θ2
cosh2(θ1−θ2) 0←−
Trigg
∗
4 0 0 16 cosh
2 θ1+θ2
2
(
2 + cosh(θ1+θ2)−1cosh(θ1−θ2)
)
←−−
Bubgg
∗
1 0 32 0
←−−
Bubgg
∗
2 0 −32 cosh (θ1 + θ2) 0
←−−
Bubgg
∗
3 4
cosh 2θ1 cosh 2θ2
cosh2(θ1−θ2) 8 cosh
2 (θ1 + θ2) −8 cosh2 θ1+θ22
(
2 + cosh(θ1+θ2)−1cosh(θ1−θ2)
)
total 0 0 0
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integrals with external momentum inflowing, tensor reduction produces the results collected
in Table 8.
I[2, 4;−2] I[1, 1;−2]
←−−
Boxgg
∗
b −32 sinh2 (θ1 + θ2) 0
←−−
Boxgg
∗
f 0 2
cosh 4θ1−4 cosh 2(θ1−θ2)+cosh 4θ2−2
cosh2(θ1−θ2)←−
Trigg
∗
2 32 cosh 2 (θ1 + θ2) 0
←−
Trigg
∗
3 −8 cosh 4θ1+2 cosh 2θ1 cosh 2θ2+cosh 4θ2+2cosh2(θ1−θ2) 0←−
Trigg
∗
4 0 16
total −4 cosh 4θ1+cosh 4θ2+2
cosh2(θ1−θ2) 2
cosh 4θ1+cosh 4θ2+2
cosh2(θ1−θ2)
Table 8: Table of coefficients for bubbles with momentum p2 = −2 for opposite helicity scattering
and backward kinematics.
C. Expanded Lagrangian
In this appendix we spell out the interaction terms of the Lagrangian (3.2), up to quartic
order in the fields. Cubic vertices read
L3 = −4φ˜ |∂sx− x|2 + 2φ[(∂tφ)2 − (∂sφ)2] + 2φ [(∂tya)2 − (∂sya)2]+
+ 4i φ[(∂sψ¯i − ψ¯i)Π+ψi + ψ¯iΠ−(∂sψi − ψi)]+
+ 2i ya[(∂sψ¯i − ψ¯i)Π+(ρa6)ijψj − ψ¯iΠ−(ρa6)ij(∂sψj − ψj)] + 2i ∂tyaψ¯iγtΠ+(ρa6)ijψj+
+ 2(∂sx− x)(ψi)TΠ+(ρ6)ijψj − 2(∂sx∗ − x∗)ψ¯iΠ−(ρ†6)ij(ψ¯j)T (C.1)
and quartic interactions
L4 = 8φ2 |∂sx− x|2 + 2φ2[∂αφ∂αφ+ 2
3
φ2] + 2φ2∂αy
a∂αy
a − 1
2
yaya ∂αy
b∂αy
b+
− i(4φ2 − yaya) [(∂sψ¯i − ψ¯i)Π+ψi + ψ¯iΠ−(∂sψi − ψi)]+
− 4i φ ya[(∂sψ¯i − ψ¯i)Π+(ρa6)ijψj − ψ¯iΠ−(ρa6)ij(∂sψj − ψj)]+
− 6φ [(∂sx− x)(ψi)TΠ+(ρ6)ijψj − (∂sx∗ − x∗)ψ¯iΠ−(ρ†6)ij(ψ¯j)T ]+
+ 2(∂sx− x)(ψi)TΠ+(ρa)ijyaψj − 2(∂sx∗ − x∗)ψ¯iΠ−(ρ†a)ijya(ψ¯j)T+
− 2i ya∂tyb ψ¯iγtΠ+(ρab)ijψj + (ψ¯iγtΠ+(ρa6)ijψj)2 − (ψ¯iγtΠ+ψi)2 (C.2)
In the computation of the first tadpole diagram a quintic vertex is needed
Lx,φ5 = −
32
3
φ3
∣∣∂sx− x∣∣2 (C.3)
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